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IX. The Differential Invariants of a Surface, and their Geometric
Significance.

By A. R. Forsyra, M.A., Se.D., F.R.S., Sadlerian Professor of Pure Muathematics
wn the Unaversity of Cambridge.

Received February 14,—Read March 5, 1903.

THE present memoir is devoted to the consideration of the differential invariants of
a surface; and these are defined as the functions of the fundamental magnitudes of
the surface and of quantities connected with curves upon the surface which remain
unchanged in value through all changes of the variables of position on the surface.
The idea of differential parameters for relations of space appears to have been
introduced by LaME; it is to Brrrrami* that the earliest investigations of the
corresponding quantities in the theory of surfaces are due, as well as many detailed
results. T

It is natural to expect that these differential invariants would belong to the
general class of differential invariants which constitute Lir’s important generalisation
of the original theory of invariants and covariants of homogeneous forms. This
association has been effected] for some classes of differential invariants by Professor
Zorawsk1, and he has obtained the explicit expression of several of the individual
functions.

Professor ZORAWSKI'S method is used in the present memoir. In applying it, a
considerable simplification proves to be possible; for it appears that, at a certain
stage in the solution of the partial differential equations characteristic of the
invariance, the equations which then remain unsolved can be transformed so that they
become the partial differential equations of the system of concomitants of a set of
simultaneous binary forms. The known results of the latter theory can therefore be
used to complete the solution of the partial differential equations, and the result gives
the algebraic aggregate of the differential invariants.

This memoir consists of two parts. In the first, the investigation just indicated is
carried out ; and the explicit expressions of the members of an aggregate, algebraically

* In his memoir, “Sulla teorica generale dei parametri differenziali,” ¢ Mem. Acc. Bologna,” 2nd Series,
vol. 8 (1869), pp. 549-590, BELTRAMI gives a sketch of the early history of the subject.

T An account of the theory, developed on the basis of BELTRAMI'S researches, is given by DARBOUX,
‘Théorie générale des surfaces,’ vol. 3, pp. 193-217; he also gives references to BONNET and LAGUERRE.

I In a memoir hereafter quoted (§ 1).
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330 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS

complete up to a certain order, are obtained. In the second part, the geometric
significance of the different invariants is the goal; in attaining it, some modifications
are made in the aggregate, but they leave it algebraically complete.

The investigation reveals new relations among the intrinsic geometric properties
of a curve upon a surface. To the order considered, four such relations exist; and
their explicit expressions have been constructed.

PART I
CONSTRUCTION OF THE INVARIANTS.

1. In an interesting memoir® published in the ¢ Acta Mathematica, Professor
Zorawskr has developed a method, outlined by Lig,i and has applied it to the
determination of certain properties of functions which appertain to a surface and are
invariantive, alike under any transformation of the two independent variables and
under any deformation of the surface that involves neither tearing nor stretching.
In particular, he obtains the number of these functions of any order which are
algebraically independent of one another; he also obtains expressions for several
functions of the lowest orders belonging to recognised types.

The method, and much of Professor ZORAWSKI'S analysis, can be applied to obtain
the more extensive class of all the differential functions which, appertaining to a
surface and to any set of curves upon the surface, are invariantive under any trans-
formation of the two independent variables. The process, which involves the solu-
tion of complete Jacobian systems of the first order and the first degree, only gives
the invariantive functions which are algebraically independent of one another ; it is
not adapted to the construction of the asyzygetic aggregate. Moreover, only some
of these functions are invariantive when the surface is deformed without tearing or
stretching ; they can be selected by inspection, on using the fundamental theorem
connected with the theory of the deformation of surfaces.

As far as possible, the notation adopted by Professor ZORAWSKI is used. The
analysis, preliminary to the construction of the differential equatlons which are
characteristic of the invariance, is set out briefly; it is needed to make the process
intelligible. There is some difference from Professor Zorawskr's analysis, mainly
(but not entirely) because a beginning is made from the consideration of relative
invariants and not of absolute invariants.

2. The independent variables of position on the surface are taken to be « and y.
A function f of these variables and of the derivatives of any number of functions

* «{Jeher Biegungsinvarianten: eine Anwendung der Lie’schen Gruppentheorie,” ¢ Acta Math.,” vol. 16
(1892-93), pp. 1-64.
T ¢Math. Ann.,” vol. 24 (1884), pp. 574, B75.
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OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE. 331

which involve the invariables is said to be a relative invariant when, if the same
function F of new independent variables X and Y and of corresponding new deriva-
tives of the transformed functions be constructed, the relation

J=0"'F
1s satisfied, where
0X oY oXoY
Q= =5 L =
dx dy Oy ox
The invariants actually considered are rational, so that w is an integer. The
invariant is said to be absolute where p == 0.
Now it is known, by Lig’s theory, that the property of invariance will be estab-
lished if it is possessed for the most general infinitesimal transtormation of @ and ¥ ;
accordingly, we shall take

X=a+E@,y)dty, Y=19y+n(x,y)dt

where £ and % are arbitrary integral functions of x and y. Derivatives with regard
to « and y are required ; we write

‘ am—HL m

Won = dandy”

for all values of m and n. Thus, as only the first power of ¢ is retained, we have

Q=1+ (flo + "701) dt.

The possible Arguments in the Invariants.

3. Next, we have to consider the possible arguments of a differential invariant
of a surface. Broadly speaking, these may belong to one or other of three classes :—

(1) the fundamental magnitudes associated with the surface, and their derivatives
of any order with respect to « and ¥ ;

(ii) functions ¢ (x, y), ¥ (x, y), ... and their derivatives of any order with
respect to x and y ;

(i11) the variables x and v, and the derivatives of y of any order with regard
to . ‘

We consider them briefly in turn.

4. Firstly, as regards the fundamental magnitudes: by a known theorem, a surtace
is defined uniquely (save only as to position and orientation) by the three magnitudes
of the first order, usually denoted by E, F, G, and the three magnitudes of the second
order, denoted by L, M, N. (If only E, F, G be given, the surface is defined as
above, subject also to any deformation that does not involve tearing or stretching.)

2 U2


http://rsta.royalsocietypublishing.org/

A A

I ¥

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A A

Vo

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

332 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS

These six quantities can occur in the invariantive function required, as well as their
derivatives of any order with respect to a and v.

But there is a difficulty as regards the derivatives of L, M, N ; for there are two
relations, commonly known as the MAINARDI-CopAzzI equations, which express

oL oM oM _ oN

oy  ox Oy  ox
in terms of L, M, N, E, F, G, and the first derivatives of E, F, G. To avoid this
difficulty, it is convenient to introduce the four fundamental magnitudes of the third
order, denoted by P, Q, R, S; the six first derivatives of L, M, N can be expressed
in terms of P, Q, R, S linearly, together with additive combinations of L, M, N and
of the first derivatives of E, F, G.

The second derivatives of L, M, N will thus be expressible in terms of the first
derivatives of P, Q, R, S, together with the appropriate additive combinations free
from those derivatives. But again there is a difficulty as regards these; for there
are three relations, which express

0Q _ ZBP oR_0Q oS _aR

ox ay ox 0y T ox oy
in terms of P, Q, R, 8, L, M, N, E, F, G, and the first derivatives of E, F, G. To
avoid this new difficulty, it is convenient to introduce the five fundamental
magnitudes of the fourth order, denoted by e, B, vy, 8, €; the first derivatives of
P, Q, R, S (and therefore the second derivatives of L, M, N) can be expressed
linearly in terms of a, B, y, §, ¢, together with additive combinations of P, Q, R, S,
L, M N, E, F, G, and the first derivatives of E, F, G.

And so on, for the derivatives ot successive orders of L, M, N; we avoid the
difficulty of linear relations among them by the introduction of the successive
fundamental magnitudes. The analytical definition® of these magnitudes can be

taken in the form
ds* = Eda® + 2F dx dy + G dy?,

) e e 2

P
dx dy2
(L M, N Qs zz.;>’

d dx gly>5
d6<> (PQh,S de, dyy,

&1 da 9@/>“
8}5(}5)*(“’3’7’8’6 ds’ ds)’

where p is the radius of curvature of the normal section of the surface through the

* See a paper by the author, ‘Messenger of Mathematics,” vol. 32 (1903), pp. 68 e seq.; see also
§ 31, post.
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OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE. 333

tangent-line defined by di : dy, and the arc derivatives are effected along the geodesic
tangent.*

Accordingly, the quantities of the class under consideration that may occur are
E, F, G and their derivatives up to any order, together with the fundamental
magnitudes of any order above the first, but without any derivatives of these
fundamental magnitudes.

5. Secondly, as regards functions ¢ (x, v), ¥ («, y), . . . and their derivatives: we
do not retain the functions themselves, but only their derivatives, for the following
reason. The invariantive property is usually some intrinsic geometric property
connected with a curve on the surface represented by ¢ = constant or zero,
¢ = constant or zero, and the like. Accordingly, we retain only derivatives of these
functions up to any order; the equations of transformation will show the connection
of the order of these derivatives with the order of the derivatives of E, F, G retained.

* 6. Thirdly, as regards «, v, and the derivatives of y with respect to x up to any
order : it is clear that = and y will not occur explicitly, for their presence cannot
contribute any element to the factor Q; it is also clear that they will not occur
explicitly, for the further reason that their increments involve ¢ and n but not
derivatives of ¢ or 7, whereas all other increments involve derivatives of £ or n, but
neither ¢ nor 7 themselves. Further, after the retention of quantities of the second
class, we shall not retain y". For let the value of 3 belong to a curve ¢ =0 on the
surface, so that

Yo + Y Yo = 0.

E‘l’m - ZF‘pm‘lfm + G‘l‘m — I
EG — F?

where I is an absolute invariant; if then we have a differential invariant involving
', we turn it into one involving v, and vy, by writing

— Y.
YTy
while if we have one involving ¥, and yy;, we turn it into one involving y’, by

writing
oy (1 EGo P
E + 2Fy + Gy*

It would therefore be unnecessary to retain i/, when we retain first derivatives
or any number of functions in an earlier class.

Similarly, it can be shown to be unnecessary to retain y”, when we retain second
derivatives of any number of functions in an earlier class; and so for other
derivatives of y with respect to .

‘We know that

* See § 31, post.

'+ It will appear that the introduction of these magnitudes not merely avoids the difficulty as regards
the derivatives of L, M, N, but also secures a substantial simplification of the expressions of the differential
invariants.
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334 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS

Hence we retain none of the third class of possible magnitudes. But after the
reasons adduced, we should only be justified in dropping ¥ from the set of magni-
tudes when it was otherwise required, if we associated the first derivatives of the
appropriate function ¢ with the functions already retained ; or in dropping #”, it we
associated the second derivatives of i with the functions already retained; and so
for the other derivatives of 4. (An example occurs later in § 24.)

Nore.—In calculations subsidiary to the determination of the geometric
significance, it is found necessary to use the relations involving the derivatives
of L, M, N, P, Q, R, S; it may therefore be convenient to give their explicit
expressions.® They are :—-

P =1L, — 2 (L 4 Ma) I

Q =L, — 2 (L' + Ma’)
=M, — (LI"+ Ma) — (MI+ Na)

R=M,;— (LI"+ MA") — (MT" + N4

=N, — 2 (MI” ++ Na)
S =N, ‘ — 2 (Mr” 4 NA”) J
where
2V = GE,, - F(2F,, — Ey)) 2V = K (2F,, — E,) — FE,,

2V = GE,, — FG, , 2V = EG,, — FE, ;
2V = G (2F,, — Gy) — FG, J 2VAA" = EG, — F (2F;, — Gy)
and

a =P, — 8(PT+ Qa) )
B =Py — 3(PI' + Q4 ~ 4 1o (FL — EM)

= Qu~ (Pr'+QY) —2(Qr+Ra) + 4, (FT. — EM)

y=Qu— (PI"4 Q4" —2(Qr + Ra) — ;3,2 (GL — EN)

=Ry — 2(Qr+Ra) — (RT+84) + & V2 (GL — EN)

d =Ry — 2(Qr" 4+ RA”) — (RIV4-84A") — & Ve (UM FN)
5 12
2 Vg

e =S, — 3 (BRI 4 S4A”) ]
where T? = LN — M?,

* They are quoted from the author’s paper, mentioned in § 4.

=8, — 3 (BRI’ 4 Sa) (GM — FN)
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OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE. 335

Increments of the Arguments.

7. We now require the inerements of the various arguments, corresponding to the
increments of x and 4. We denote by I/, F’, . .. the same functions of X and Y as
E, F,...are of zand y; thus, if dIi be the increment of E, we have

=K 4+ dEK;
and so for the other magnitudes.
Since the relation

B dx? + 2F da dy 4 G dy* = E’\ dX? 4 2F dX dY 4+ G dY?

holds for all values of da and dy, we have

o [3X XY (Y
E“E<a>+2Fa o TU < )

=T/ (1 4 2§, dt) + 2F'n, dt,
20X X | o, <aX Y | oX aY> 9Y oY
F=1n ox dy +F ox oy +8J ow) T ox dy
= W&, dt + F' (1 4 & dt + g, de) + Gy, dt,
) aX> ,0X Y | v <aY_>2
4 =F (aj +zray % +a o
= 21'&,, dt + G/ (1 4 2y, db).

We thus have
— dBiE = (2F'¢, + 2F'y,,) dt.

Now, the differences between E and E/, F and F/, are small quantities of the order
dt ; hence, when we are retaining only small quantities of the order d¢ on the right
hand side, we can replace I, F/, G’ by E, F, G respectively ; and we find

— dE r—
dt
{F " . |

- 'Cd‘t’ - E§01 + Ffm + ]“701 + (”Im

G _ . ‘
— CZZt = 2F¢,, + 2G,,

2EE, + 2Fn,,

Similarly, the relation

1s?

L da® + oM d dy + N dy® = Eﬁl = I/dX2 4+ 2M' dX dY + N’ dY?
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336 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS

holds for all values of dx and.dy; so that the laws of transformation for L, M, N
are the same as for E, F, G. Hence

‘ h
— (/f{]; —_— 2L§10 _|L ZMYIIO
— fZM = Lfm -+ Mé]() + MﬂOI + ano e
dt
d
— ?g = 2M¢, + 2Nn,,

Using the relation

(P, Q, R, SYdx, dy)* = ds®. CZ (:)> = (P, Q, R, S'Y{dX, dY)
in the same way, we find

P ]
dQ _ P R

—- = En + 2Q8, + Qng 2Ry,
di _ RE, + 2R S |

Todt T Q&) + R&y + 2Ry, + Sny
ds

- = 3R§&, —+ 357y J

Using the relation

a, B, 8, e, dy) = dst. T (V) = (w, B, 4, &, &YdX, AY)"
Y | Y

similarly, we find

_ e + 42, + 48 i

- zf = 0‘501 + 318510 + /87]01 + 3y

-

d .
- (,ZZ = 2B&,, + 2y&1 + 2ymy + 289,

1d

— 5 = 3y€u + 86+ 38+ apg
le

— z]i = 48501 + 46’)701

And so for the increments of the other fundamental magnitudes.

8. The increments of the derivatives of K, F, G are required; they can be
obtained by the following method, differing from that which is adopted by Professor
ZorAWSKL Let @ and 7 become x4 A and y -+ k respectively, and let the con-
sequent new values of X aud Y be X + H, Y + K ; then
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OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE. 337
H = (X b H) = Hehok {E(r 4 by + B) = E(n, y)} di = h 4 A di,
where
A=33¢,
=00
and 3’ implies that » and s may not be zero together.
Similarly
K=&+ Bdi,
where
B=5 3y, h l.“0
=0 8= 0 T S

with the same signification for 3" as before; and thus, for all values of p and ¢,

we have
H*K? = hokt 4+ (ph? =k A + qhrkr=1B) dt.

Now, as the relation
E = FE (14 2§,dt) + 2¥%,, d
holds for all values of « and ¥, it follows that

E@4hy+k=EX+HY4+K){1+2& (x4 h y+k)dt}
+2F(X4+H, Y+ K)n, (x4 h v+ k)de

" Let both sides be expanded in powers of 7 and k ; then —7—7»%? 'n’ , = coeficient of A/

in the expansion of

[S‘ s szé 5hi’/ﬂ+(phﬁ“lk’/A+qhﬁlcf*lB)dt}] [1 +23 36, 00 dz]
p=0q=0 . . .

+2 [z s .,Yi;% {hokt 4 (pho=1hiA + ghvki— ' B) dz}] [ S mo ’”* (u]

7)=0q:0p =0 5=0

Remembering that the first power of d¢ alone is to be retained, we find this
coefficient to be

K.
/m, !
MRl RPNy 1(n _ s = F D EE e
TR _w)x(;_b),wg,fﬂ ety s
Y (m —7)!(n j s+ 1)1rls! (n—s=4+ 1) 9B o dt
+ 233 1

/ Tt -
(m — ’i") ! (n — S‘) 1 ’)"Y S ’ 77r+1 san'r,n—-x dta

the first summation 33’ does not occur if » = m -+ 1, the second summation =3/ does
VOL. CCL—A. 2 x
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338 PROFESSOR A. R FORSYTH ON THE DIFFERENTIAL INVARIANTS

not occur if s = n -+ 1, and in neither of them may 7 and s vanish together.
Writing
'm> ‘‘‘‘‘‘‘‘‘‘‘ m!__ <n> —nt
<7” (m—r)lert’ )7 (n—s)ts!’
K., =E,. + dE,.,
we have

dE, m2 Im\ [n ,
— R ]
dt 2 2 » s me =1, g

r=0s=0

=0 8=0
W
N 14 Tfle\ ;
+ 2" 2 ﬂf-sE M=y s+ 1

+2§ E <7%> n)f—H@Em Py AR

7=03=0 /
+ 2 g g <771/> <77’> 7)7'+I,sFlm~T, n-se

p=0 820 S

/

Proceeding similarly from the expressions for F and G, we find

dF.., ”"‘ “ m, n o
- —ZZi‘ = 0 0 ’)’ A s 8414 ey e
p=08=0 \

n nJ
> é E g e, -8

7

7’13F w1, n-s+1

)
LR

(f 41, 8 + 771 e+1) F/n~7 N8

k12 \
[\ [
+ 2 2 ><S> ”+l (\X»l—*/,:l g3
‘ =0 s=0
and
dG,, _ SRS m> ( me |
Czt =0 s=0 7 / \S & SETE iy g

a0 8=0 /

+ ¢ Zg 3 Q )<?> 7, s Gl s
&

225

=0 s=20 r
w n, 77L n\ ,

+ 2’ z ( > <3) ,y)?’SG By =841
r=0s=0

NotTE. —As we now have the first increment of the quantities E,,, F,.., G.., and as
the second increments are not required, the quantities E/, F, G/ on the right-hand
sides can be replaced by E, F, G, without affecting the values of the first increments.
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9. In particular, we have

dE T = SfloElo + 2fQOE + 71 (Em + 2Flo) + 2’720F

dt
d}?tm = ZfloEm + fanlo + 25111: + "701E01 + 2’710]* ot 2"hlr
- ’d"lffn - 4510E/40 + 5§OOE10 + 2530
+ 21y (En + on) + 190 (Em + 4F10) + 2F7)30 -3
dEy

—dr = 3510E11 + 501 20 T+ ZfeoE(n + SéllElO + 2§'°1
+ 1o (Eoz + 2F11) + "101E11 + 27]20 o + M (Em + 2F10) + 2"721F
dE,

~dt 0= 2510 02 T 2érmEu + 46,E, + fooElo + 251*
+ 2"701E09 + 2’710F02 + 47111F01 + 7)0@E01 + 2")12

- C*thm = 2§IOF10 + EOIEIO + fazoF + qu

+ 1o (For + Gro) + nouF10 + 120G + 1 F
- (%:;Ql‘ = &oFo + & (Bgy + Fip) + E0F + &,F
+ 710Goy + 290K + 711G+ o F
CJI;ZQ = 3&10F 2 + EnEao + 3&0F10 + 2615, + E,E + & F
+ 10 F20 + 2710F11 + 110Gao + 020 (260 + For) + 290 F g + 150G + 9, F
d%l = 2&,0F 1+ &0 (Bpy 4 Fao) + EaoFor + &1 (Boy + 2F ) + EoEyg + £, F + §L,E
+ 290 F 11+ 710(Foo+ Gi1) + 020G+ 011 (2F g+ Grg) + 100 Fy0+ 7y G+, F

MWor = &, Fs + € (Fop + 2F2)) + 260F + € (2B + F) + £ + &4
+ 3001 Foy + 1mGoa + 290G + 390F0 + 11.G + 16 F J
z(; i}
— 20 = flon + meFm + Z‘ful‘ + "hon + 2")01G10 + 2’711(3( |
dc({}tm = S (G'm + 2F01) + 2§<>2F + 3’?0‘1Gm + 27)02(}
d(lxt@ - 2510(’“0 + me a0+ 570(110 + 4511Fm + Zé"le
+ 2"701(’20 + ZWIOGH + 77:0(701 + 4”)11(}10 + 3”);21(;r
d(;tn = &Gy + 501 (Gzo + ZFH) + ’511 (2F01 + Glo) + zfosz + 26, F
+ 3"701(}11 + 7710(}02 + 37711(}01 + 2"702(}10 + 27)1~2G
dg;o’n - “E()l (Fcz + Gu) + 502 (GlO + 4F01) + 2503
-+ 47)01G02 + 57]02Gn] + 2 u"7«>3
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10. We require expressions for the increments of' the derivatives of functions such
as ¢ (x, y), ¥ (x, y), .. .; tor this purpose, we proceed as before. We have

dx4h,y+k)=¢X+H, Y+ K);

and therefore

b coeflicient of A”k" in exPansion of ¢ (X + H, Y + K)

m!in!
= ..o sy Pepg
»q plg!
/
— »}j’/}/ (ke 4 (phe=A + ghvkeB) iy
e ua
m!ln!

where U is the coefficient of A”k* in

,fé,??,?,_ L p—1], P hg=1]
e o)

that 1s, in

?: % ; 7 071 ( 29h1‘+2)_1kq+ggrs + thﬂ)kqﬂmulnm)a

pfz

where in the summation 7 and s do not vanish together and, if’ either p or ¢ be zero,
the corresponding term ceases to occur.
Writing

, .
¢ mn - ¢m)a + d(bmm

we have

A, _ L & [m)\[7
— (()ZZ) = /( >( L){(l)/m.u_., a/-—&f}&"l‘“d’?ﬂ r11+1—s777953

t _0907’

which gives the required inerements for derivatives of a function ¢. NSimilarly of
course for the increments of the derivatives of all functions similar to ¢.

Nore.—Just as in the expressions for the increments of the various derivatives of
E, F, G, we can replace, in the expressions for the increments of the various
derivatives of a function ¢, the various quantities ¢,, on the right-hand sides by ¢,,
without affecting the values of the first increments. As before, second increments
are not needed for our purpose.

11. In particular, we have
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dd’m = o€ + ff’omw )‘k

— di’ﬂl = ¢ + bomn i |
dezo = 2¢90€10 + 1000 + 2h1m10 + Parmao

_ dd)ll = ¢11610 + boolir + P10t + oo + P + b ¢

—_ d(ﬁé’oz = 2‘;[)11501 + 4)10{:02 + 3%0’701 + <]S0]"70’
- d:%_g = Bgp&10 + 3bayEan + bros0 + 3bamg + 3b1ma + D

— Dt = 2,80+ ot + P + 2 + b
+ 21910 + Pamar + bognan + 2D+ o
— DB = g+ 2+ 2+ bk + b
+ bogmio + 210 + 20 + bumos + borms
- d;lb;; = 3¢1a€n1 + 3bus + Proos + 3bosnon + 3Poamos + Poios

12. A comparison of the expressions of the increments of the derivatives of E, F, G
on the one hand, and those of the derivatives of a typical function ¢ on the other,
leads to one immediate inference as to the arguments that enter into the composition

of a differential invariant. Suppose that such an invariant is required to involve
derivatives of a function ¢ up to order M in @ and y combined ; the increments of
these derivatives involve (among others) the quantities

fmm fm; e e gom? Mos  Muts + + « 5 Nome
The invariantive property requires that the terms involving these quantities must (if
they do not balance one another) be balanced by other terms involving these same
quantities ; and therefore derivatives of E, F, G up to order M — 1 in = and y
combined must occur. And conversely.
In particular, if derivatives of ¢ of the third order occur in an invariantive
function, it must contain derivatives of K, I, G of the second order.

The Dufferenteal Equations Defining the Invariants.

13. The invariantive property is used, exactly as in Professor Zorawskr's applica-
tion of Lir’s method, to obtain partial differential equations of the first order
satisfied by any invariantive function. We proceed from an equation such as

S =07
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we substitute, in each of the arguments such as «/, where
du

W= dt .
+ dt

the proper value of iig obtained above for the various arguments; we also write
Q=1 +(§10+”’7m)dt§

and then, according to Lix’s theory, we equate the coefficient of dt on the two sides.
The functions & and % are arbitrary; and therefore, in this new equation, the
coeficients of the varicus derivatives of ¢ and  on the two sides are equal. We
thus obtain a number of partial differential equations of the first order satisfied by f.
The construction of the form of f depends upon the manipulation of the equations.

14. The whole process will be sufficiently illustrated in its details if we construct
the algebraically independent aggregate of differential invariants which involve
derivatives of two* functions ¢ and ¥ up to the third order inclusive. In order to
take full account of the increments of such derivatives, it is desirable and necessary
to retain derivatives of E, F, G up to the second order and, in place of the
derivatives of L, M, N of that order, to retain the fundamental magnitudes of the
second, the third, and the fourth orders. Thus the invariantive function involves
some or all of the quantities

B, By, Egp, By, By, Egy s

¥, ¥y Fop, Fooo Fyy, Fogs

G, Gy, Goy, Gao, Gy, G

L, M, N;

P,Q R, S;

a, B,y, 5, €;

P1o0 o Poos Pii> oo Paos Pors Pros bos s
Y10, Your Yaor Y115 Yoo Paos Yors Yros Yose

Denoting any one of these arcuments by w, the invariantive property gives
b} < y 2 1 } &

‘ JCoo w00 )y=9 (0w, L),
that 1s,

A -I--(F dt, . )y ={14 &g+ ) d3™f (.o u, ),

and therefore
L of d .
%a{:‘ %g: = (&0 + o) S

* The form of the results indicates the form of the results when more than two functions occur.  More-
over, if more than two functions of the type of ¢ and ¥ be considered, they are connected by an identical
relation.
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e du - . .
Substituting for 0 the respactive values for the respective arguments, and equating

the coefficients of the various derivatives of & and %, we have the requisite partial
differential equations. They are :—

pf=2E f+2Laf+M81{[+3P f—}-ZQa(g-i—Ra/

of of of
+4aa“+3,8818+2 +8

¥ on
ok, T 7

+ 3E f+znmaf +4E,Oaf 4 3E,, . e

10 aEm PJOl E‘()

+2F,, aFf + T, a%]z QL 881{00 + ok, a%{ + a%/:

+ G 8?}{}, + 20 a(“]i0 + G agj,

b g 2o 4 gl S 2 g

g+ 2 g 1+ Sy + 2y oL thugr- o (L)
uf =T f+2Gf f+2N~~- f+QR uié

+ B2y a4l

+ Tl i a?{” + 2 i

+ T, a%% + o, 'a%{j + Ty, a%’io + 2T, 81{] 8T aE]‘Z 5

200 gt + 300 oL+ 20 8 4 3G, seh- + 4 o -

T N R T R

O i R a?{; @)

which come from the coeflicients of &4, 7, respectively ;
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f+OF ﬂf+2Ml + f+2Q fnl[:%R?f
oM oS
3f of of 8f
gt 2By +3yis+ 8]
+ EIO a]i}f‘” + EQ() a?{“ + ZE:“ al:‘{ .
. of
T, j%f]’ (B + ) aEJ‘Z B, J : (B Fy) Y + (B + 2F)) aFf
of 9 af r G ! F ,Of oF 149G of
+ ZFJO aGm’l"( 1()+ZF01) +ZB 20 acm"l_(( 70+Z ”)8Gn+( - (l'l"l_ 2 ]I)aGm2
of o af of of
+ d)IOéqui + qs’()ad) + 2¢11 ad)()? + ¢308¢ + 24)2] a¢ 8¢']28¢02
o g oy O g Oy W gy O
+‘1b]()é:l;(;+ 1/"08_‘;]"]—1— lpllalljm_‘“l?b'i()al!” + (b“ladl]‘“im ‘Jll“a‘l“) : (13)>
of o oM of 3 _@f
ZF8E+OFF‘+ ]\laL—{—N + Q +ZJ 81’
+4 4yl 4L
. ‘ f 5 aj : ot \ Of p of
+<E(” 'J['ZF]()) aEm +ZB 01 aEm (?’E] 1 +ZP ,"0) aE’O +(L‘02+21 ”)81‘4“ +2F4)’ 8]302

o (Fu o+ G o Gl 0y o+ G (B4 G 46

7,

20

Of L on of of
+ Go g + 2050+ G

+¢>ma({w+z¢né—$+¢ma([u+ ¢2la({;0+2¢p3{[+¢oga%

o 2 gl e S gl =0 ()

Oy Ny a‘l/n

which come from the coefficients of' &, n,, respectively ;

ok Y 4+ 5E, .Y 428, aEf

3T, T aEm
+ F f + SFIO aF + FOl a%wfn
Lo
+ Gy 3Gy,
o of of of of o _
+¢108¢’ +5¢208¢0+¢118¢ +¢‘108\II + \11208‘113 +‘/lla¢21"'0' . (]:Il)’
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A Lgp. g I

R R T R
g (28 Y e,
oF,,

+ B‘ j + ZEIO a}'jw

E)F10 oF,

+ 2F o + 4F f + 2F, + G a9

oGy, T T EG,, ") 3,
b b2 ol 2 o, =0
+ B 31{01 + 1, aﬁ{ + @+ E) a%{’
+ cﬁmaq{; +¢»Oa({_ udn.a(;p + o a\{z b gl o+ B =0,
83){1 o (B 48) o 28 E
G (26 + Fu) i+ Gl
+ 6ol

..... s o 4oy o of of _
+ ¢ + 8(I)ll a(j)a() + ¢OJ aqsn + ‘/01 alpjo + ‘g‘l’ll alb{‘,() + ‘IIOZ a\bg]

2F af o (B 2Fy) a]{ + 4F,, aaEf

+F %{ 0 om @R+ G ) 426, o

+ 2G a({;() + 4G, aé:, + 3G, agj,

by b g gl o g 2 g 2 =0
B i

+ 26 agm + 26 a({l, + 560 ac{;

dngd b e o b =0

VOL. (‘CI —~A 2y

345

(IL),

. (IIE)’

(IIS)’
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which come from the coeflicients of &, &1, &y, 720, M1 M0p TeSPectively ; and

zFai{OJrFaFf—;-(ﬁmaiOJrlpm Ej[—o R 441 Y
2k 9hu+F aapj‘ioJrFa%f]ﬁ“ZF 2, T Po ac/{ T Y a?pf; 0. (i)
‘>Eaa]%;+l“(aﬁ{l—l—}?‘ai{:-z—l-zFag;l—kqsw 'j[ "*“‘/’ma‘?p{;:o L (L),
aaE{']z+ZFa({)w+qS]oag+tllwa¢{b 0. . . . . . . . .. . I,
2F88Ef:0+ a{0+¢loé%€g+t/,w;&£g=o R ()
oF af{] ¥ ab{,0+n(;aj + 26 é"(}f,o"”’sol '9%"“'“ %’%:0 LIy,
‘)Fa%zﬁFaBJ‘; PaEJ‘;‘)_I_% U g aqu*”"’w aibé:“o .. (U,
811‘07+2Ga(}f0j+¢01a¢f+¢01 a(ﬂ 0 . . (),

which come from the coefficients of &, &, €1, Eusr M300 Mo1s N2> Mos TeSpectively.

15. Consider the set of equations (IIL) to (IIIL); all the PorssoN-Jacoe:
conditions of coexistence are satisfied so that, in so far as the third derivatives of ¢
and ¢ and the second derivatives of B, F, G are concerned, the set may be regarded
as a complete JAcoBIAN system. The total number of variables occurring in the
derivatives of f is

4, for the derivatives of ¢ of the third order,
+4, . . . . 0 . LY
+9, . . . . . . . EF, G of the second order,

=17 in all ; hence as the total number of equations is 8, there will be nine algebraic-
ally independent solutions involving these 17 quantities. When we integrate the
set of equations in the usual manner, we find a set of nine solutions, appalent]y n
their simplest form when given by
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uy = 2Visy — (2Fy — Eyy)r — Eys 7

Uy = 2V3g — Gogrr — Eys

g = 2V, — G — o

ty = 2V3¢hp5 — Goar — (2F, — Gyy)s

v = 2V, — (2Fy, — Eu)P — Eyo Py

vy = 2V — Gop — Eyo

vy = 2V, — Gup — Egyo

vy = 2V — Goap — (2Fpy — Gyy)o

0 = Ey —2F, + Gy o

where V2 = EG — F?, and

B¢y — Foyo = ”'} By — Fipy = P}
Ghyy— Fobyy = s , Giryg— Fiyy = o

Any functional combination of these nine quantities will satisfy the set of eight
equations which have been considered, as will also any functional combination of the
derivatives of ¢ and ¢ of orders lower than 8, of the derivatives of E, F, G of
orders lower than 2, and of L, M, N, P, Q, R, S, a, 8,7, 8, e We therefore have
to find the functional combinations which will satisfy the remaining equations.

16. For this purpose, we make wuy, u,, wu,, u, v, v, v, v, 0; E, E, Ey;
F, Fio, Fors G, Gug, Gors buos Pors Paos P11 o2 Yo You Yoo Yis Por the variables s
and we transform the set of equations (II)). .. (IL;), so that the derivatives of f are
taken with regard to these variables. Denoting f with the new variable by f for a
moment, we have '

of _f af us g OF vy OF 00
¢ TR, o T om0 Tanae

for all the quantities & in the original equations ; the magnitude of10€ is zero if € be
not one of the new variables.

The result of the transformation is to replace the set of equations (I1,). . . (IT;)
by the set

21 of of of of o
ok . 0By, +F oF,, + o ey + Py Dy + (G—2F,,) =

Gzi [6V3¢hyy + (2E — 6F)r — 5E 5] + 8f [2V2¢11 —~ Gy — 2Egs]

a- p } Al ~ - 0 - .
+ ’a?{;[GVZ‘.l’eo + (2Bg — 6F)p — 5E,p0] + Ooz{: [2V3, — G op — 2Ej0]=0 . (IL),
2y 2
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. Kis o o g
2K aLm + ¢ aFm + 4)01 a¢2o + %1 a‘f'.go Gm aa
f[szfl’n - 4G107 — (Em + 4F10 l +- df f2Vz¢n>> - Gm’ — 2K m j

Q%Lav‘p“ 4Ghgp — (Eqy + 4, )] + ‘V £12V = Gop = 2Fa0] =0 . (1L,
2k ai«{n +B a%fw +F aFJ; + 2K agw + by, aqsn o a?pf + 28 gje
~ B +; & 4V — 4 — 3]+ v [V (G -+ 2E) = 4
+ (G — 2, s a£
= B p g L[4V — 4R — 30|+ D TaVA = (G + 2Fy) p — 4]
=R e Y =0 Ly,

1’[7

P @ paq g Ay Ao W
2 o T Fair, T Gar, 2056, ooy T o, o
+ (Ey — 2F10)7 8]‘ + f 4V2¢11 — 4Gy — (Eq, + 2F10) s]
81 [4V7¢oz — 3Gy — 4Fgs] — Gy - z/
ts
5 ) .
+ (Em - 2F10)P a@é + %j‘;[‘lv”‘!’u - 4G10P - (EO]_ + QFm) 0']
f [4Vz¢00 3Gp — 4Fp 0] — G0 gjﬁ =0 . (L),
24
B o g O Ly A g O
'\F01+2F6G01+¢wa¢) +¢1084, 1080
E'f 2 df 2 : . .
[2V oy — 2H g — Eyps] + [GV ¢1y — (G + 4F 01) r— 4Kys]

+ 8%/: [2V2%0 - ZFlOp - Emo-] + a%{ [6V%¢’n - (G'lO + 4F01) P 4E01°'] =0 . (Ha),:
’3 4

aFm +2G, 3G, + b ngm =+ o1 5 a"b + (Em 2 10)

f sz‘ﬁn — 2Ghr — Egs] + J [6V2</’0° — 5Ggr + (2(}]0 - 6F01) 9]

Bf [sz‘l’ll - 2G10P - 010'] + [GV“‘I‘oz - 5G01P + (2G10 - (.Fﬂl) 0'} =0. (Hﬁy
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17. A special case of these six equations is discussed™ by Professor ZORAWSKI in
his memoir already quoted, viz., that in which there occurs a single function: ¢ with
its- derivatives up to the second order inclusive, and there are no derivatives ot
E, F; G of order hlgghu thau the first ; and he obtains three independent solutions,
These are

= 2V? ‘j))() + ( 0 ZFW) P — _am's' ){
b =2V, — G — Bys }

!
¢ = 2Vi, — G 4 (G — 2Fq) JI

Manifestly, @, b, ¢ are independent solutions of the equations in the present case’;
also, other three independent solutions are given by

o' = 2V, + (Ey — 2F ) p — Lyyor ],
[l/ == 2V2\l}”. - (}]Op - :E(}lo- :K
’ p 3 {! l
¢ = 2V3,, — Gop + (G — 2F) o |

All these six solutions are independent of @5 w,, w,, 1y, 70,5 1, Uy, Vg V.

The Jaconl-PoissoN conditions of coexistence of the six equations are satisfied
either identically or in virtue of the eight equations (LIL;) to (IIL), which are
definitely satisfied; so that, taking account of the variables that occur in the
derivatives of £, the set of six equations is a complete system. The number of these

variables 1s
6, from the first derivatives of E, F, G,

+6, . . . second . . . . ¢
+ 1, being 6,

+ 8, being wu,, Uy, U, 1y ¥y, Vg, Vg, Uy

— 21 in all ; hence the total number of algebraically independent solutions of the
complete %ystem of six equations is 15. Of these, we already possess six in
a, b, ¢, o, b, ¢, so that other nine are required.

The form of the equations suggests that there will be four solutions of the type

u, + aP, 4+ bQ, + R, + 8.,
/Un + a’,P,n + b, ,7L + C’R,n + S’n 5
04T,

four of the type

and one of the type

which, when obtained, will be the necessary nine.
18. One mode of obtaining these solutions is as follows:—We use the values of
a, b, ¢, o/, V', ¢ to eliminate from f the second derivatives of ¢ and of ¢; the effect is

* Loc. cit., § 26.
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to modify the form of the equations (II,)... (IL;) by removing from them all the
terms that involve those derivatives. The substituted derivatives with respect to
a, b, ¢, ,V, ¢ do not occur—a result only to be expected, because these quantities
are simultaneous solutions of all the six equations. Consequently, in any differential
operations, the quantities a, , ¢, o', I/, ¢ behave like constants.
In order that
f=u +aP, 4+ 0Q, 4+ R, + 8,

where Py, Q, R,, S, are functions of ¢, ¢y, and of the first derivatives of E, F, G,
but are independent of the quantities © and v, 0, a, b, ¢, ¢/, V/, ¢/, may satisfy (II,),
we must have

(ZE o, T FaF)P =-3%

oK,

0

/
(2B + FDFM) Q, =0,

R0 4 F. > =T, + 2B, 5.
( aEm OFIO o v

In order that the same quantity may satisfy (IT,), we must have

D J—
<2F8E +GaFm>Il“O’

¢ )R, =0,

/:F G
( + QFU)/

+ G Sp= G =2 (1 — 2F,))s.

(\ UEIO 8Fu’>>

Similarly, the equation (1LY requires

and the equation (II;) requires

( qu+2@ ¢ )o;-o,

(’GOI/

for 8 =P, Q, R, S,. The equatlon (IL,Y requires

'T A\

E F. 2R =0
(B HEp o+ Top 200 e
tor ® = P, Q,, R}, and
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C 9\
(2E8E01+E8F]0+F8F + 2t aGlg>bl‘E“”’

and the equation (IL;) 1equue%

. .
P9 407 400 Sle=o,
(2F aL01 g G 20
for ® =P, Q,, Rl, cL]Id
~ ~ ‘ a Al 3 Nl
= - u -_— 2 0) 1
(\ZB aL01 +F aF10 +0 aF 205, > (o = 2Fy) 1

We thus have 24 equations giving the derivatives of the four quantities
Py, Q,, R}, S, with respect to E,y, By, Fy, Fyj, G, Gy Each of the four quantities
is then given by effecting the quadrature

00
6= (<aEw A, + . . .+ a e dGUl>
The results arve
2VP, =3 (—~ E,;G — E,F 4 2FF),
2VR, =0,
2V, = {EGy, (2F10 — By) + F (B — 2B, F i — EGp) + GEEq § 7
+ {E (E012 - 4E01F10 + 4Fmg) + 2FE10 (Emv - 2F10) + GEmz} s.
The solution in question remains a soluticn when it is multiplied by 2V?; denoting
this product by «/, we have

« —ZV”%"‘C‘PL‘FI)% cry + rep 4 871 )
Similarly we obtain

N = 2V, 4+ ap, + bq, + cry + rey + sfy -,

p o= 2V3u, + ap; + bqy + cry + rey + sf;

v =2V, + ap, + bq, + cr, + re, + sf;

where
p=3{—F (E01 - 2F10) — GE,p} h
g, =3{E (E01 - 2F10) + FE,}
mn=20 )
e, = — EGy (E01 - 2F10) + F (Em’ — 2B, F), — ElOGLO) + GE Ky,
J1 = E(Ey — 2F ) + 2FE (B, — 2F,)) 4+ GE/*
Py = 2FGy, — 2GE, h
9 = — 2EG, + F (B, + 2F,) — GEy
r, =R (E01 - 2F10) + FE, T

¢, = EG* — 2FE, Gy, + GE,?

1y = e, above
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py = FG, — G (2F01 - Gw) )
¢ = — EGy, 4+ F (2F;, + G,)) — 2GE,,
1y = — 210Gy, + 2FE,, "o
ey = BGy Gy + F (= EyGy — 2F, Gy, + G %)+ GEy (2F01. — Gyg)

)5 = €y, ahove

Py=0 ;
¢y = 3 {FGQH — G (2F, — Gy)}
Ty = 3 {‘— EGm + F (QFUI - GIO)Z’ oo

e, = BGy® — 2FGy, (2F, — Gyp) + G (2F, — Gy,

Ja = e, above

Other four solutions are given by

K =2V + a'p, + V'q, + v, + pe, + af;
N =2V, 4+ a'p, + b’gé 4 ¢'ry + pe, + of
p =2V, 4 a'py 4 U'qy 4+ vy + pes + of;
v = 2V, + ap, + Vg, + ¢ry + pe,+ of

\.._._.._..._\',————-——_J

&nd there is a last solution given by
V = E {(E, — 2F,)) G, + G;*¢
+ F {EGo — By (2F + Gyg) + 2F,, (2F, — Gyp);
+ G {Ey* — By (2Fy — Gy)s
— 2V3(Eg — 2F); + Gy).
Consequently, it follows that every simultaneous solution of the fourteen equations

made up of the eight (II1,) . .. (IIl) and of the six (IL,) ... (IL), is a functional
combination of the fifteen quantities

a, b, ¢, a, U,
Y / / /7 4 " 1
K)XJ#:V9K7X7M5V>
Vv,
and of the quantities derivatives with regard to which have not occurred in those
fourteen equations, viz., E, F, G, L, M, N, P, Q, R, S, &, B, v, 3, €, b10, 01> Y105 Yous
making 34 arguments in all ~ What now is required is the algebraically independent

aggregate of the functional combinations of these 84 arguments satisfying the
remaining four differential equations (I,) ... (L,).
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19. As regards these equations, we replace (I,) and (I,) by two equations composed
of their sum and their difference. The former is

ouf=2(EYL+ ¥ 40 ) +2(LE + MY 4N

+3(PiL Qi+ 3{f+sa")

+4(a af+/32£+ Ll

3 /EIO a(]f + DOJ

%)

of of 4y, o of L a f>
aEm + F]0 AF“) + }‘(n r)FOl + GIO 8(} + O()l aGOl

+ 4(] ’OaL‘ +E” a +1J0'\ ’)EO + PVO »-\}11 +F]] aFI] +:E0‘\8:B107

of f
+Guge + Gy ¢ aG + Gy aG0,>

by g g+ )

a‘/’m
of 8f of of of o
(mw g bogg g gt e
N af f of
8 (g gl b b
b g e b))

The latter 1s

g _qdf Lo N of R _ aqdf
O“2< on~ st~ N9N>+3P +Q8Q 5= 85

it 5 _ 4 f
T4 +23m S S

o, &y O pw, A A Gmof—.,Gmaf
Y10

g, + Bag, + Fogi, = Mugr, Gy

/‘ 9 af of _op 9 _oq. of af
+ ‘“L:?() '\ + LU ﬁPAlJ_ + ‘ZF“O aF)O 2K 02 aFm G]l ’\Gll 4(}0“ aGO)

+ (/f b+ g = g

+ ‘1[' Oa?llfo - '7"02 afw>

+ 3¢ 9(!)[” + ba a({ b1 54 — 3¢bog 8%5{)3

+3¢305¢%+%1@£'—‘/’195L“ ‘/’0.3 """ f e (D)

VOTL. CCIL-——A, 2 z
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Of these four equations (I,), (L), (I), (I,), the first will be found to be satisfied
for the various forms of f that satisfy the other three, by the appropriate
determination of the constant u to be associated with each such form. Also, (L)
is the condition to be satisfied in order that (I;) and (I,) may possess common
solutions. To obtain these common solutions, we proceed as follows.

Let the equations (I;) and (I,) be written

V. f=0, V,f=0.

Then by actual substitution we obtain the results

Via =0, Vo = 2b \s
Vb =aq, Vb =c¢ r ;
Ve =20, Vie =0 |

~

g
|

Vi =0, Vo = 20
v =d, Vb = ¢
Ve =2V, Vo =0

V.,V =0, V.V = 0.
Also
Vi =0, : Vo' = 3N — Vr,
VN =« VN = 2u — Vs,

V' = 2N — Vr, Vo =,
V' = 3u — Vs, Vo' =0,

Vir =0, Vyr = — s,
Vis = —m, Vos =03
and therefore |
ViK' =0, Vo' =3 (N — 1vr),
Vi(N —3Vr) =« VVQ (N — 1Vr)y=2(p — 1Vs),
V(e —3Vs) =2 (N —1vr), V(s — 4Vs) =7,
| Vi =3 — Vs), vV = 0.

We write
W=k N—=LIVr=I[ p—4Vs=m, vV =mn;

and then these equations give

Vik =0, Vok =3l ]l
Vi =k, Vol = 2m i\
Vi = 21, Vom = n !’( q
V.l = 3m, Vo =0 |
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Similarly, we write

=k, N —=3Vp=1I, p —3iVo=mw!, V' =y
and we find

vk =0, V= sl \11
W =¥, Vvl =20
V! = 2l, Vo = 5/ i’ .

Vi = 3w/, Vo =0

These quantities &, I, m, n, ¥/, I/, m/, n’ replace «’, N, ', v/, «’, N, u”,v"; moreover,
V is a simultaneous solution of the equations. What we require are the functional

combinations of the quantities
a, b, c, o, ¢,

k, U, m,n, K, U,

Ea F’ Ga L) Ma N) P) Q) R) S} o, Ba '}/> 87 c, ¢>10$ ¢Ol7 lp107 lll()]’

making 33 arguments in all.

For this purpose, we transform the equations, so that these 33 arguments may
become the independent variables. The process would be laborious but not
intrinsically difficult, were it not that the effect of the operators V, and V, upon the
various arguments has already been obtained ; and the results are

of
2F 7, —|—E

+om Y 41 f
/ f
+ 3R g + 23R T

+48%§+3 f+zﬁf f

—+ 3m j + Zl af
87)

‘ ,aj pf L wdf
+ 3’ 2L 21 8r’+k8l'

+ b1 5(1{01

-+ via.:O . LY
IOalm‘ - (3)’
2z 2 :
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af
oF G
+ Ia‘B‘

peMY N Y

ol oM

A o s O

+5Q% +2m3 +8 5
FaBiL oy ih ke 2{
+ )Z et + 8()

-+ 3!8{ + 2m f+nf)
s eF]

wo

o oY,
() C 7 Of
s Lpom ¥ 4w Y
+ o ol + cm’

(f’.lo S(Z 4)01 7&5 + ‘!’10 »\ — Yy alin

+zK h-vl;w—- }F’f + L o — N, (/ +a(j f—l—a’gﬁ——-(z’aj—;\)

oG ol ce cat de

‘)(f Af{___,()f ,‘c/
+ 3P SL QG — B — 38

s 1Y o 5,
Tkl —ma

o
gl s ¥
+ 3k + l 8Z’ om’ s on’

il 4ol Y i o

(L),
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2}‘"f #’10 a(i)j. + (1)01 a(l{l + IIILU q‘p ll’Ol 8 f

¢ ’\f 7 { j ’ (’:< f___\
+Z<] 91‘+P L+ atlant NaN)

+3 (’§£+Q-f+1{;£ 8f>
tafe LBty sl

+a(aif+b‘:f+f"f+ o’af+ )
ot b

T (Y

+11(ki/+7(:j4 i '/ +nﬂf>

(‘}

\ o

/(_f / f ’ 'f Y C f 7

+11(lc ap ﬁ],+ ' S n ?77’) N ( A (A
Association with Binariants.

20. The expression of these equations at once associates the solution with known
results in the theory of the concomitants of a system of simultaneous binary forms.
The equations (L), (I,), (I,)” are the differential equations of the invariants of the
system of binary forms

(b10r Pk (Wi Yordx)",

(E, F, GX(%)% (L, M, NXG)*, (a, b, ¢)x)% (, U, Yx),
(P, Q, R, S, (k. 1, m, n)(x)3, (K, U, w/, n/Yx)?

((X., B; Y Sa EI’X‘Ys

or, what is the same thing, they are the differential equations of the invariants and
covariants of the system of binary forms

wy = (Y10, Yoo, — b0),
= (E» F, GY by, — ¢’10)2=

w'y = (L, M, NXo. — b)),
w’y = (a, b, Xy, — ¢10)*,
w”y=(a", V', Lo, — b10)*

wy = (P, Q, R, SYg, — ¢)’,
w's = (k, I, m, nY o1, — 1)’
W'y =K, U, m/, /'Yy, — b10)*,

wy = (a, B, v, 8, Xy, — bro)"
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We therefore require an algebraically complete aggregate of this set of invariants and
covariants. ‘

It 1s to be noticed that the argument V does not appear in the equations (1,)”, (1,),
(L) ; so that it is a solution of the equations, and it must be associated with the
required algebraically complete aggregate of concomitants of the binary forms.

The three equations (1,)”, (I,), (1,) constitute a complete Jacobian system, and the
number of arguments which occur is 33 ; hence the algebraically complete aggregate
of solutions contains 30 solutions, which thus give the algebraically complete agaregate
of concomitants of the system of binary forms.

This aggregate is known™ to be (or to be equivalent to) the following :—

the linear quantic, w, ;

the quadratic w,, and its Hessian (discriminant) EG — F?;

wy . . . . . . . . . . LN-—=M?2
'y oL ac— b
s o dd =

the cubic w,, its Hessian, and either its discriminant or its cubicovariant ;
the cubic w';, its Hessian, and either its discriminant or its cubicovariant ;
the cubic w”,, its Hessian, and either its diseriminant or its cubicovariant ;

the quartic w,, its Hessian, its quadrinvariant, and its cubinvariant ;

together with the Jacobians of any one of the forms w, say w,, with all the rvest of the
forms. This makes up the requisite total of 30.

The asyzygetic aggregate is, of course, vastly more extensive; but for the present
purpose it is only an algebraically independent aggregate that is wanted. Many
modifications in the latter arve possible: what is necessary to secure is that any
modification does not interfere with the algebraical completeness of the aggregate.
For instance, consider the set composed of

w,, BG—TF% w'y, ac—10% J(w, w),
where

: 1 dw, ow’y,  ow, ow”,
4!} (IM)EZ’ w :3) = 'a"“"““ ’a**”“ - a‘” a =
bip Oby by Iy

in the asyzygetic system, there is an intermediate invariant E¢ — 2Fb 4 Ga ; we

have 7
J? = wy”y (Ec — 2F) 4+ Ga) — w,* (ac — 0*) — w2 (EG — F?),

and therefore, in the algebraical aggregate, K¢ — 2F0 + Ga can be included when
any other (such as ac— b?) is excluded. Such a change would be desirable if
differential invariants, linear in the quantities a, b, ¢, were required.

* See a memoir by the author, ¢ American Journal of Mathematics,” vol. 12 (1890), §§ 17, 22, 30.
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21. Accordingly, we can take as an algebraically complete aggregate, containing
the 31 necessary members, the set which follows :—

(i) v,
(i) w,
(iti.) J (w1, 105) = (Bafiyy — Fifyp) oy — (B = Gfryo) by,
(iv.) 1wy,
(v.) H (w,) = EG — F* = V?,
(vi) o'y, v
(vii.) J (1, /) = (EM — FL) §,% — (EN — GL) by + (FN — GHM) o
(viii.) H (w',) = LN — M2, or I (w, w'y) = EN — 2FM 4 GL,
(ix.) w”y,
(x.) J(wy, ")) = (Eb — Fa) dy* + .. .,
(xi.) Hw",)) =ac—10* or I(w, w")=Ec— 2Fb+ Ga,
(xii.) w”,, .
(xiit.) J (w,, w”,) = (B — Fa') o> + .. .,
(xiv.) H(w",)) =o' — 0%, or 1(w, w”,)=Ed — 2F0 + Gda/,
(xv.) ws, v
(xvi) H(wy) = (PR — Q%) ¢y* + ...,
(xvil.) @ (wy) = (P*S — 8PQR 4+ 2Q%) ¢y* + .., or A (wy),
(xviil.) J (wy, wy) = (EQ — FP) ¢y +. . .,
(xix.) w'y,
(xx.) H(w's) = (km — ) po® + .. .,
(xx1.) @ (w's) = (Kn — 3kim + 2B) o> + ..., or A (W),
(xxil.) J (w,, w's) = (El — Fk) po* + .. .,
(xxiil.) w”s,
(xxiv.) H (w”;) = (Km/ — ) o> + ...,
(xxv.) @ (w'y) = (K0 — 3K Tm’ 4 203) > 4. .., or A (w'y),
(xxvi.) I(wy, w"5) = (Bl — FE) ¢o° + ...,
(xxviL.) w,,
(xxviii.) H (wy) = (ay — B do> + - - -,
(xxix.) I(w,) = ae — 488 + 37,
(xxx.) J (w,) = aye + 2By8 — ad® — B% — 5%,
(xxx1.) J (wy, w,) = (EB — Fa) ¢y* +

22. It is still necessary to satisfy equation (1,)”. This will be effected as follows :
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when f involves ¢, and ¢, it must be homogeneous in them, say of degree mi, ;
when f involves i, and i, it must be homogeneous in them, say of degree m,;
when f involves K, F, G, it must be homogeneous in them, say of degree m, ;
likewise for L, M, N, say of degree m,; likewise for P, Q, R, S, say of degree
for a, B, v, 8, € say of degree m,; for a, b, ¢, say of degree m,; for o', UV, ¢, say of
degree mg ; for k, I, m, n, say of degree my; for k', I/, w/, n/, say of degree m,; and
for V, of degree m, ; provided the value of u, the index of the invariant, is given by

2u = my + my + 2 (g ) + 3m, A+ ding
+ 6m. 4 G6mg 4+ 11 (my + my) + 8my.

This relation determines the indices of the whole system, as follows :- -

Index = 1, w,;

Index = 2, J (w, w,), w,, H (1), w'y, H (&,) and 1 (w,, w'y);

Il

Index
Index = 4, V, w”,, L(w,, w",), w"”,, 1wy, w"”,), H (), J (1, ws5), w,, I(w,);
Index = 5, J (w,, w",), J (wy, ), I (wy, ) ;

, H (w"y), H (w",), ® () and A (wg), H (wy), J (e,) 5

3, J (wy, w'y), wy;

<

Index = 6

=

Index = 7, v/, w'y;

Index = 8, J (w,, '), J (w,, ") ;
Index = 12, H (v/;), H (w";) ;
Index = 18, ® (v';), ® (w";);

Index = 22, A (v/y), A (w”y).

3]

i

23, All these are relative Invariants, that is to say, when the same function
7 of new variables is formed as the function /15 of the old variables, then

o = 7,

where p 1s the index of f, and Q = %<(Xa-;’—y¥)) . In order to have the absolute invariants,

it 1s sufficient to divide each of them by a proper power of any one of them. For
this purpose, we choose

V2= H () = BG — F*;

we can regard V as of index unity, and therefore it will be sufficient to divide the
relative invariants by a power of V equal to its index. We therefore have the set
of 30 absolute invariants, given by
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w, J(wy, wy) w, wy, H(w,)andI (w, w ),
LA I A R A& V*’
H (w”, I(w,, w”y) ", H(w", I (w,, w”y) T (wy, vy
() g L ) s Y | Tl ) 3G 07,
J (woy w”y) I (g, W) g wy w’s Vo H () J (wy, wq)
Vi \E SR VT VT YR VY Ty

H (w'3) J (w,, ) H(w”) J (w,, w”%) w, (w) J (w,, 11’,)

Sy V3 ve AVE V* v Vo

@ () andA(w@) @ (w'y) o A(wy) @ (w”) V(") Hw) J(w,)

AV Vis and V)z ’ Vs an (1 sz s V6 s VG .......

These thirty differential invariants constitute the algebraically complete aggregate
in terms of which all invariants, involving (1.) some or all of the derivatives of the
fundamental magnitudes E, F, G, L, M, N, up to the second order inclusive, as well
as the magnitudes themselves, (ii.) the magnitudes P, Q, R, 8, «, B8, v, §, ¢, (iil.) and
the derivatives of two functions ¢ and ¢ up to the third order inclusive, can be
expressed algebraically.  But it is to be noted that this inference is concerned solely
with the partial differential equations, and it assumes that the various quantities
E, F, G, I, M, N, and their derivatives are independent of one another; if any
relations should subsist, owing to the intrinsic nature of the magnitudes, then the
number of invariants in the above complete aggregate will be diminished by the
number of relations.

Now one such relation 18 known; it is the relation commonly associated with
Gauss’s name, and 1t expresses LN — M? in terms of E, F, G, and their derivatives
up to the second order inclusive. But LN — M? is H (v/,) in the foregoing set ; and,
as will be seen later (§ 35) in the course of the geometrical interpretation, we have

V = 4H (1) H (),
so that the number must be diminished by unity. Accordingly, the algebraically
complete aggregate of differential inrariants, involving the magnitudes wup to the
specified order of derivation, contains 29 members; in terms of these members, every
other tnvariant, involving the same magnitudes up to the specified order of derivation,
can be expressed algebraically.

24. As an illustration of the remark in § 6, we can obtain MINDING’S expression for

the geodesic curvature, quoted® by Professor ZORAWSKI as an invariant. Let ¢ =0
be the equation of the curve, then

b1+ 4’01?/, =0,
bop + 26119 + boy? + oy’ =0,
- 4)0132/” = 4)20‘?5012 - 2¢11¢10¢’01 + ¢’02¢102-

. * Loc. cit., p. 63.
VOIL. CCL—A. 3 A

so that


http://rsta.royalsocietypublishing.org/

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

SOCIETY

I\

OF

A

A
3

Y
A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

OF

Downloaded from rsta.royalsocietypublishing.org

362 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS

Now w”,V~*is an invariant, as also is w,V~?; hence

is an invariant, say U, so that

U=1 acy,® — 20y 10 + 09",_,11)%,.,;
v (E(l’oy2 — 2F¢yihyp + Goby?)’

1 g
= : 12V3%,, + (Hy, — 2F,) 7 — Es} bo)®

V (E¢y* — 2Fdy 10 + G ?): [{ ba 'I‘.( 01 10) 108} by
— 2 {2V, — Gy — Fys} doihyo

+ {QV%Og — Gy + (GIO - 2Fm) s }4)102]

[— 2V 4 (26, — Gy — FGy) g
+ (2GR, + 2FF, — 3FG,, — EGq,) ¢?
- (QEGM) + 2FF,, — 8FE), — GE,)) ¥’
- (ZEFM — Ll — FEm)]

1
TV (E 4 2Fy + Gy?)

2
7
according to MINDING'S expression for the geodesic curvature; or the geodesic
curvature of the curve ¢ = 0 1s the invariant
1w
? Vap,*

25. It 1s possible to make further inferences from the results. Thus we can settle
the algebraically complete aggregate of invariants up to the order of derivatives
retained, when those invariants are required which involve derivatives of E, F, G, and
only one function, say ¢. They manifestly constitute the aggregate, complete up to
the order specified, of all the functions that remain invariant when the surface is
deformed in any way without tearing or stretching, account being taken of a particular
curve ¢ = 0, and the invariance persisting through all changes of the independent
variables of the surface. This aggregate, algebraically complete up to the order
specified, consists of the nine members

wy, V.
VeV
w’y - H(w'y) g Tl w”s) o d (s, w')
velove ve o Ve

wy  H(why) I (wy, wly) @ () a2 (w's)
Vi v Vs s AR s

the first five of which were given by Professor Zorawski, who considered the specific
aggregate only up to one order lower. '
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26. If we require the aggregate of invariants of this class involving derivatives of
E; F, G up to order n — 1 and derivatives of ¢ up to order n, the number of
members in that algebraically complete aggregate can be obtained. The total number
of members s

2.
ne;

it is composed of & (n — 1) (n — 2) quantities which do not involve the derivatives of
¢, these quantities being called Gaussian invariants of deformation, and their number
having been determined® by Zorawskr; and of 4n (i + 3) — 1 quantities, each of
which involves derivatives of ¢. To make up the latter aggregate of 4n (n 4 3) — 1
quantities, we need (in addition to the binary forms already used) other binary forms
of orders 4, 5, . .., n; among these, the binary form of order m (for all values of m)
has ¢, and — ¢, for its variables, and its coeflicients are linear in the derivatives of
¢ up to order m inclusive; and the members, that would occur in the simplest
expression of the aggregate through the existence of the binary form of order m,
would be the quotients (by proper powers of V) of the binary form itself, of the
m — 1 (HErMITE'S) associated covariants, and of the Jacobian of w, and the binary
form, making m 4+ 1 in all. Thus the total numbert up to order » is

148444 .. 4u
=in(n—+3)—1,
the number in question. .

27. If we require the aggregate of differential invariants, which involve derivatives
of E, F, G, L, M, N up to order n — 1 and derivatives of a single function ¢ up to
order n, the number in that algebraically complete aggregate can be obtained as
follows. We can replace the derivatives of L, M, N of the specified orders by the

introduction of the fundamental magnitudes of orders 3, 4,..., n -+ 1 defined as
the coeflicients in the various powers of Cgf and (OZ/ in the complete expression of the
quantities
d<1> o2 <l @ <1>
ds \p/" ds® p>’ 7 de T \p)
where p is the radius of curvature of the normal section through the tangent defined
dx dy - r de dy . .
Y Js ds’ and the arc-differentiation of g ds 8 taken along the geodesic

tangent].
When n = 2, the system of binariants is composed of three quadratic forms with
their three discriminants, a cubic form with its set of two associated covariants, and

* In his memoir, §13.

1 It will be noted that VV —+in the aggregate in § 22 is a Gaussian invariant of deformation, and so is
included among the % (n—1) (n — 2) quantities which do not involve ¢.

1 For the significance of this remark, see § 31, post.

3 A2
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the Jacobian of one of the quadratic forms with the other two quadratic forms and
with the cubic form, being 12 in all. To include the next higher order given by
n = 3, we need a cubic form with its set of two associated covariants, a quartic form
with its set of three associated covariants, and the Jacobian of each of the forms
with the originally selected quadratic form, being 9 in all.  And so on in succession :
the total number of binariants is

124400+ 114+ 13+ . + (20 + 3)}
= n® - 4n.

With these must be associated the % (1 — 1) (n — 2) quantities that do not involve
the derivatives of ¢, these being the Gaussian invariants of deformation ; hence the
total number is

Bn® - 3n 4 1.
But these are relative invariants ; each of them must be divided by the appropriate
power of V so that, as one of them is V?and the quotient is unity, thus making the
function no longer an invariant of the surface, the number of absolute invariants is

S’ + S
=40 (3n + 5).

28. Lastly, if we require the aggregate of differential invariants which involve
derivatives of I, ¥, G, L, M, N up to order n — 1, and derivatives of two functions
¢, ¥ up to order n, the number can be obtained in a similar manner. Asin §27,
we replace the derivatives of L, M, N of the specified orders by the fundamental
magnitudes of orders 3,4,...,n 4 1. The algebraically complete aggregate of
relative invariants of the surface up to the orders specified is composed of two
portions. The first includes the & (n — 1) (n — 2) quantities which do not involve the
derivatives of ¢ and i, these being the Gaussian invariants of deformation, as before.
The second is the algebraically complete aggregate of the system of concomitants of
a set of binary forms, each divided by a proper power of V in order to give rise to
an absolute invariant of the surface. This set of binary forms contains

1 quantic of order 1,
4 quantics . . 2

3

3 . . . . . 4,
3 . N

1 quantic. . . #n-41,

being 37 in all. With them must be coupled (a) their (HErMITE'S) associated
covariants, the number of which is

1.044. 1432484+ +@m—-1))+1.0
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=40 — in + 1; and (b) the Jacobian of any one of the quantics with each of the
rest, being 3n — 1 in all. Thus the tale of the concomitants of the binary forms

=fn+ ({0 = nt 1)+ 30— 1

— 8p2 4 11
=3n .

But these are relative invariants ; each of them must be divided by the appropriate
power of V, so that, as one of them is V? and the quotient is unity, thus making
the function no longer an invariant of the surface, the number of absolute invariants
from this source is 4n? + L4tn — 1. Thus the required aggregate of invariants of
the kind specified up to order = is, in all, equal to

00— 1) (n— 2) + 02 + 0 — 1
= 2n® -} 4n.

29. But all these numbers are subject to diminution by as many units as there are
‘algebraically independent relations among the invariants, which do not occur merely
through algebraical forms, but arise through intrinsic relations associated with the
general theory of surfaces. One such relation, being GAuss’'s equation, has already
(§ 23) been mentioned ; so that the number 27° + 4n would certainly be diminished
by unity. It might happen that certain other combinations of the fundamental
magnitudes of the various orders could be expressed in terms of E, F, G and their
derivatives, the combinations being invariants of the set of binary forms, and the
expressions in terms of E, F, G, and their derivatives being invariants of deformation.
Iach such relation would diminish the number 2x2% 4 4% by a single unit.

So far as I am aware, GAUSS'S equation is the only relation of the type indicated
which has already been established ; but there is reason (§56) for surmising that
other relations of that type do actually subsist.

PART 1L

GEOMETRIC SIGNTFICANCE OF THE INVARIANTS.

30. The algebraically complete aggregate of the invariants of a given surface and
of any two curves drawn upon it has been proved to be determinable by the develop-
ment of Lir’s method, as used by Professor Zorawski for the invariants of deformation.
The actual determination of the members of those aggregates, which belong to the
lowest orders, has been made. TFach such invariant has a geometric significance,
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and the significance of some of them is known ; we proceed to consider this aspect of
the invariants.

In dealing with binariants, several methods are possible. There is the symbolical
method. There is the method dependent upon the use of canonical forms for the
various functions ; the complete expression of each binariant must be used through
each operation ; in the present instance, the canonical form would arise by taking ¢
and ¢ as the independent variables on the surface.* There is the method that
depends upon the characteristic property of binariants, by which the leading term alone,
being sufficient to determine the binariant uniquely, is used to replace the binariant.
The last of these methods will be used.

. We denote by s an arc of the curve ¢ = 0, so that d/ds implies diffeventiation
alonfr the curve ; and we denote by d/dn differentiation in a direction on the surface

perpendicular to the curve. Where no confusion will arise, we shall use «/, 2”, . . . in

dx  d*x
ds’ ds2” "

In constructing the fundamental quantities of order higher than the second, a
normal section through the tangent to ¢ is drawn; successive derivatives of the
curvature of this section at the point are constructed, and the values of the second
derivatives of = and y are those connected with the geodesic property at the point.f
Accordingly, it is effectively the geodesic tangent to ¢ that is drawn ; we shall denote
by ¢t an arc of this geodesic, so that d/d¢ implies differentiation along the geodesic.
As the curve and the geodesic touch one another, we have

place of = .; and so with quantities other than w.

du _ du
ds — dt”’

when the quantities relate to tangential properties only ; but

du _ du
ds dt

is not zero when the quantities relate to contact of higher orders. Thus

do _de  dy _ dy
ds —dt’ ds — dt’

d ,1_‘>_6£ ,1\>
(]S<p' dt(p’ ’

is the circular curvature of the geodesic tangent, is not zero.

but
where 1 ,

* This method is used by DARBOUX, ¢ Théorie générale des Surfaces,” vol. 3, p. 203.
t See the paper quoted in § 4.
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The Independent Magnitudes connected with the Curve.

32. Various magnitudes connected with the curve ¢ = 0 are required ; we take

1 . .

= == 1ts circular curvature,

p

1 . . .

= = its curvature of torsion,

,

1 .

= = the circular curvature

P of the geodesic tangent,
1

= the curvature of torsion

~

- = its geodesic curvature,

RS

R = the radius of the osculating sphere,
& = the angle between the normal to the surface and the principal normal
of ¢ =0, and
B="
dn
where dn is the normal distance at the point of ¢ = 0 from the curve ¢ + d¢ = 0.
Further, we write

A = La”? 4 2Ma'y’ + Ny,

1B+ ¥y, Fa' + Gy |

W = | ,
ViLe + My, Mo+ Ny

N = 1 i Ex' + ¥y, ma? + 2m'ay’ + m"y? + B’ + Fy” |
= . !
v Fa' + Gy, na® 4 202’y + o"y? + Fa' 4 Gy
with the customary notation for m, m/, m”, n, n’,n” ; then A = 0 gives the asymptotic
lines, W = 0 gives the lines of curvature, N = 0 gives geodesic lines. Moreover,

W?=AH — A* - K,

where H and K are the mean curvature and the specific curvature of the surface at
the point, viz.,
H = '—l- -+ ~l— , K = -1 ,
P1 P2 P1P2
p1 and p, being the principal radii of curvature. We have the relations*

* See Stanr und KOoMMERELL, ‘Die Grundformeln der allgemeinen Flichentheorie,” § 14, for some
of them,
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1 COSm'=A,

\

~

p P

71 _Snw _ D,
P’ P

L ode
T ds
P~

T

et
Pt
2

s gfczp)ﬂ
=P +T<ds ’
-
éi(—»l,) = (P, Q. R, 8X', o)’

1> ron
Z/{2< > (0C B 73 b EI{E, y,)x;

in the last two equations ' and ¥ are used in place of du/dt and dy/dt, to which
they are equal respectively. The relation

W?=AH —- A"~ K
at once gives

and we also have

_1 1/ udp fdp">
o7 prp?\D ds ds )’
1 1 1
o3 = pe + Pk

so that 7, p, and R are expressible in terms of p’, p”, 7" and of their derivatives.

The Values of (;"U g?/ gj; gz

33. As 1’egards g:;? (: x’) and (Ciz ('_‘: y’), we have
b1’ + by’ =0,
Ea? + 2Faly + Gy? = 1;

(7501 ) ,‘/’10
TV, T T Ve,

Next, differentiating along a direction in the surface that is perpendicular to the

and therefore
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tangent to ¢, we take the direction determined by dx/dn and dy/dn as being
perpendicular to the direction determined by «” and y'; hence

Ex’gi-{- < ’-(]?‘+m’dt/>+(1/d?/_o

< >+ Fdzdn+G<dn =1

1
- %(F’r’ + Gy) = VM\/u; (= Fg + Gobyo),

Moreover

and therefore
de _
dn
ly 1
le =v (B’ + Fy') = v:/”'*“ (Edoy — Fobyp),
the quantities in the brackets in the last expressions being the quantities 7 and s of
§ 15,
Identsfication of the Simplest Invariants.

34. Using these results, we can at once obtain the interpretation of several of the
invariants. 'We have
—dé

dn

and therefore

Again,
= (L, M, NY«', y/)°

1 9
— . (L, M, NY g, — by0)?

/
— Wy

T,
and therefore by the relations in § 82, we have
wy _ B?
V2T
Also

W= {(EM = FL)a +.

1 N .

= v, (EM = FL) g0 +. ..}
_ I (wy, W)

T Vw,

VOL. CCIL —A. 3B
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and therefore, by the relations in § 32, we have

J(wy, wy) B
N ==
The result of § 24 gives

wy o B
V4 - “‘;O/)'
Also
d (1Y _ I 0\
iy
pnd /u,vi)':'; 5
so that \
ws %i<_lf :
A\ B dt p’)
and
a? /1
Clté <p/> = (OL, 18’ '}’a 87 GIJ’J: y/)4
— s
— 1022 b
so that
Wy _pi (1
Ve B de? <p’ >

35. Certain invariants occur as belonging to the surface, independent of all curves
such as ¢ = 0. Of these, the most important is VV~*; its value is given by

v 4

= = 4K
Vi pipy
But, as is well known, we also have
LN —M*_ 1 __ K,

BG—F oy
so that we have
V = 4V*H (v',).

This is a relation among the differential invariants, and it is due to the intrinsic
nature of the quantities E, F, G, L, M, N ; accordingly, the number of algebraically
independent invariants up to the present order must (§23) be diminished by unity,
on account of the preceding relation.

It was noted, in § 21, that H («/y) and I(w,, w)) are alternatives in a complete
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system, when w,, H (w,), w,, J (w,, w,) are retained; as a matter of fact, the
relation

J2 (wy, w'y) = T (wy, w'y) wa'y — H (wy) o'y — H (w'y)wy?

subsists. Now the significance of I (w,, w/y) is known : we have

1 (w,y, w'y) 1 1
“AWe Wo) = F 4 b
A P P2

Accordingly, we substitute the values that have been obtained, and we find

.1,\_1<1_ 1>_,1 b
7 \p p/ PP pips

(1oL

P PN e

again the well-known relation giving the torsion of a geodesic at any point. This
torsion vanishes when the geodesic is a tangent to a line of curvature.

Interpretation of the Remaining Invariants Associated with w,, w'y, w’,, w,.

36. We require the derivatives of w,, w'y, w”, with respect to the arc; for this
purpose we shall use the property already quoted (§ 30)—that a binariant is uniquely
determined by its leading term which, in the present instance, is the term involving
the highest power of ¢,,. Writing generally

w=fd% — 29¢0b i + 1,

we have
du = 2/ (dn@' + boy’) — 29%0 (o + d1y') + - ..
+ ¢0® (102 + Sfor/) + .
so that
\/él/o - = bg” (2f¢n — 2g¢y) + .

+ b’ S +
= 0 170 = ga) o +
o [/ (B Gy~ FEy)+ g (BEy —2EFy+ FE )+ V37ig} ..
Firstly, let £, g, h=E, F, G, so that u becomes w, ; then, on reduction, we find

o du, — __(M ) 4 w" {(EG,, —2FF,, 4+ GE) ¢y, + . .. §,

I)2 ZS
3 B 2
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and consequently

: [wy\ __ w,, w”
\/@()2 d \Vz) — ( . 2>

Secondly, let f, g9, # =1L, M, N, so that u becomes ', ; then, on reduction, we
find

— dw, 1 ' :
Vi, 'fl%) = w, + Vg — 'y (wy, W) — w” (wy, w'y)}

{(EGm — 2FF), + GEy) oy + . . - 1,

and consequently

—d 1 Ay
.\/w, 2 ils <V2> V” + V2 {w J (w,, W) — W'y J (w,, W)},

Thirdly, let f, g, b = a, b, ¢, so that « becomes w”, ; then, on reduction, we find

— duw” 2w’y o
\/wz ?— = %%2 w {(EGw 2FF + GEy) b + ... )}

and consequently

The first of these gives

and the third of them, taking account of the value of w”, which has already been

obtained, gives 2 /B
Wy _
VT — 4B ds (p >

The second of them can also be used to identify J (w,, w",), because all the other
quantities occurring in the relation have been identified ; the value is

J (wy, w”) _p s d (B ‘ ,J[cl >_ 2
A = Bp de( ) Bp dtﬁ p”«r’](

Substituting the earlier value on the left-hand side, we have (after a slight

reduction) ,
d/1 a _ 2
) =)=

being an illustration of the remark in § 81, and showing that in general the rate
of change of the curvature of a normal sectlon is not the same along the curve ¢=0
and the geodesic, both of which touch that section. The result can also be written
in the form

CEZA T4 2DW, Elé =,
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with the earlier significance for A, D, W, and T is given by
T = (P, Q, R, SY, v')*;

and another form is

ds .

d (wyy _ wy _ w'y) (wy, w'y)
wy) oyt V2w,

37. We require derivatives of some of the binary quadratics with respect to an
arc in the surface normal to the curve ¢ = 0 ; for this purpose, we proceed as in § 36.

We take
u=fPy® = 29¢0P1 + hdyo,

and we have

Vo 0 = 2 i (= Fbu - ) + dos (B ++ - )}
— 29¢01 {0 (— Fbyy +. . ) + by (B, 4. . L)}
+¢012{f10("'F¢'01+- ) + o B+ )+ ;

and so, after some transformation and reduction, we find

Vo /w, % — 2§ f(Be — Fb) — g (Bb — Fa)} + . . .
+ ¢’ {fE(EGy, + FG,, — 2FFy)) - (fF + ¢E) (EG, — FE)
+ gF (— EEy, + 2EF,) — FE,) + V(= F/f,, + Ef o)} +. .. ..
Firstly, let f, g, h = E, F, G, so that u becomes w,. The coefficient of the first term
in the earlier aggregate is

= E? — 2EFb 4 Fu
= E (E¢ — 2Fb 4+ G«) — V?a,

and therefore that aggregate is

= w,1 (11y, w”y) — V",
The coefficient of the first term in the later aggregate is
E{—-F (EGIO — 2FF,, + GE) + E (EG01 — 2FF,, + GEOl) s

and therefore that aggregate is
—dV?
= w,V,/ 1, dn
Consequently
V3w, iy _ w, T (10, w"y) — V2", + w,V /. v
V Wy gy = Wy L {10y, W07y 2 2 % dn ?
and therefore

. —d /w 3
Vo wy | 5 2) = w, I (w,, w"y) — V2",
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Inserting the values of the invariants that are already known, we have

B.2B d_B - le (’1/02, ZU’IQ) L9 B

dn Vi T "’
and therefore

NG

I (wy, w'y) ( dB B>
dn ")

veo =

Secondly, let f; g, A =T, M, N, so that u becomes w/,. Proceeding in the same way,
we find

. d ) p - R ,
Voi/wy <%{;§) = wol (wy, w”y) + VA (w,, wy) — 0, (VA" 4 I (wy, wy) J (g, ).

Inserting the values of those invariants which have already been obtained, we have
(after a little reduction)
J (wy, ws) _ — B d <1> 2B*dB
v dn !

7 ds’

Thirdly, let f, g, h =ua, b, ¢, 80 that u becomes w”,. Proceeding in the same way
as for w,, we find

v1./ @zj (V4> = wyH (w"y) — 3w’V ++ §J (10, w').

Now we have retained I (w,, w”;) in our aggregate, in place ot H (w",), so that the
latter must be removed from the foregoing expression : as the relation

v J2 (wy, w"y) = w1 (w,, w'y) — w,H (w"y) — w2 V?
holds, we have

d [uw” : :
Vi, 2 I V4‘2 = Ly (wy, w's) — Fw,*V + wyre,1 (105, w"y) — w" IV — J2 (wy, w'",).

Inserting the values of those invariants which have already been obtained, and
reducing the equation, we ultimately have

J(wo, w'y) _ s d < > 2<dB> 1674
= B + 8B (%) + WBK.

It may be noted, in passing, that the above equation, which gives the relation
between I (w,, w”,) and H (w”,), leads to the expression for H (w”,) in the form

H() _ _,B dB_ <dB
ve " dn ds )
38. Again, it is known that
Vzgﬂ—GP—zFQ+Eh VzﬁE_NP-»zMQJrLR WL
Vg%% — GQ—2FR 4+ ES, W %I/{ NQ — 2MR + LS J
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OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE. 375

and thercfore

Vo (GP — 2FQ + BR) ¢y, + (GQ — 2FR + ES) (= ¢y,)

ds
== al’
say, where q, is a covariant of the system with index easily seen to be equal to 8.
Now it is easy to verify that

(EQ — FP)? = (GP — 2FQ + ER) EP — (BG — F?) P* — (PR — Q?) &2,

and therefore that
J? (wy, ws) = wywaa, — Vw,? — 1w, H (w,).

Consequently a, is expressible in terms of the members of the system ; when the
expression is substituted above, the result enables us to obtain the value of
H (i) V7% But it is simpler to modify the original system of concomitants in § 21 :
we can replace H (w;) in that aggregate by q,, and the modified aggregate still is
complete. For the significance of a,, we have

q _ pdH
ve =By

Further, we have
ViV U =GP — 9FQ 4 BR) (= Fgy + Giby)
+ (GQ — 2FR + ES) (Equ - Fﬁblo)

=,

say, where a, is a covariant of the system with index easily seen to be 4. It is easy
to verify that

3 (P*S — 3PQR + 2Q°) — EP? {128 — 3RFR + (EG + 2F?) Q — FGP!
= — 3EP (EQ — FP) (GP — 2FQ + ER) + 2 (EQ — FP)* 4+ 2V*P* (EQ — FP),

and therefore
WP D (w3) — wyr5 0y 4 31y, (g, w3) — 203 (wy, wy) — 2V, (w,, wy) = 0.

Consequently a, is expressible in terms of members of the system; when the
expression is substituted above, the result enables us to obtain the value of ® () V=5,
But, as in the last case, it is simpler to modify the original system of concomitants in
§ 21: we can replace ® (wy) in that aggregate by a,, and the modified aggregate still
is complete. For the significance of a,, we have

a dH
=87
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376 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS

An Aggregate for the Lowest Orders of Derwvatives.

39. It may be remarked (and it 1s easy to verify the statement) that, if we desire
an algebraically complete aggregate of invariants, involving derivatives of ¢ alone up
to order 2 at the utmost, and derivatives of E, F, G up to order 1, and the fundamental
magnitudes of the first three orders and no other quantities, such an aggregate is
composed of

wy wy H(wy) I(wy, wy) w’y H(w")  T(wy, w”)
V2, V - V7 = or ~er s ‘Vé; ) VG ~oor A"V';L’”" »

wy  H(wy) - a @ (wy) o A (wy) or % J {1y, w'y)

ver ove Tysr Tye T Tyt oy oy

J (wy, w"y)
Vo

J (w,, wg)
Vi

, and °

Fvery other invariant of the surface involving only the same quantities that oceur
in these invariants can be expressed algebraically in terms of the members of this
aggregate. The geometrical significance of each of the members has been obtained ;
if, therefore, the geometrical significance of any additional invariant is known, the
algebraic equation expressing the invariant in terms of the retained aggregate will
express a property of the surface and the curve. Such additional invariants are

provided by K and — dK .

ds dn
and the curve.

; they should accordingly lead to properties of the surface

Two New Relations.
40, We have

\/77&, V2 Ei}—f = (NP - 2MQ + TJR) d’m + (NQ - 2MR + LS) ('— (/’10) ¢
But )
(LQ — MP)? = (NP — 2MQ + LR)LP — (LN — M?) P* — L (PR — Q?).
and

LQ—MP = ,5 {L(EQ — FP) — P (EM — FL)};

hence, taking account of the relation among the leading terms of the various
concomitants, we have

{w'yd (wg, ws) — wed (wy, w's)}* _ gy, V2 dlf w2 (') — w,?H ().

wy?
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OF A SURFACE, AND TITEIR GEOMETRIC SIGNIFICANCE. 377
Consequently

an! <
Vi, V2 [ 2T (wy, wy) A w2 H ()t~ «Ljﬁ J (w,, wy) J (w,, w',)

8 ’lU ”Z{)

“

4 TR (s, w) 4w, 2H ()}

W, Zu)
/

. W 2,2 2 Yl T ,
- o 2”' (waw,a, — Va,?) — st J (g, wy) J (wy, ')

wy . :
+ - e S, L (wy, ') — VAL
w2,

dK . . . .
so that 77~ 18 expressed in terms of the members of the retained aggregate. Sub-

ds
stituting the values of the invariants in the equation and dividing out by V2B after
substitution, we find

dK 1 dH _ [+ 2\ d /1 2 d /1 4 dB
ds - Pl ds <I{ p/> i <pi> + 7 dn <p’> - B2 ds’

a property which can be changed also into other forms, e.g., by using the relation in

§ 36, which expresses d-(—l,\ in terms of d ( 1,) and other magnitudes. Effecting
) : dt'\p'/ ds \p', o
dK dI d
ds’ ds’ ds

derivatives of p;, ps, p’, we can express the relation in the form

d Ly(L l] =2 { (Lt 2y d /1 L 4 dB
T ds Rpl p'/) \p’ pg) 7 (\p[ + pa p'> p T dn\p’, )J Br* ds’

and therefore

this change, and substituting for ( >, their values in terms of

(1

T" s

d <L \ 2 dB
T dn B ds’

or, what is the same thing,
N 2> 1 d /1 2 dB
ds <T'/) - <\p1 T ps PP + dn <\p’,> B+ ds
(L) <H _ 2yl _ 2dB
dn ( ! + p’) p’ B ds’
Proceeding to coustruct the other invariant that was suggested in § 39, we have

\/w (ZK

1l

= (NP — 2MQ + LR) (—~ F¢,, + G )
+ (NQ — 2MR + LS) (E¢,, — Fepyp)
Let u denote the leading coeflicient on the right-hand side, so that

u = SEL — R (2EM + FL) + Q(EN 4+ 2FM) — PFN ;

VOL. CCI,—-A., 3 ¢
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378 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS
and let o, «, denote the leading coeflicients of a;, a, respectively, so that

«, = GP — 2FQ + EL,
2y = F28 — SEFR + (KG 4 2F) () — FGP,

Then it 18 not difficult to establish the identity
B = L, — 2 (EM — FL) ) 4 (EN — 2FM +4 GL) (EQ — FP)

i WP DR wr
~ (E(x — ) {L(EQ ~ I'P) — P (EM — ¥L)!.
Noting that all the quantities on the right-hand side are leading coefficieuts of
covariants, we change the identity into a velation among covariants ; and the result,
on division throughout by w,, is
dK ', 2 .
S 2, T () ay AT () T ()

dn — w, 7w, P,

Ve, Vi
ZVZW’ J (w,, w,) 4+ 2V? ”'J(u,, '),

so that dK/du is expressed in terms of the members of the vetained aggregate.
Substituting the values of the invariants in the equation and dividing out by V'B
after substitution, we find

dK  1dH _ (H _ 2> d 1) _2.d (1,\> | 1 dB |, 2 dH  2H 4B

“dn p dn - "Jdn\p' 7 di\p' ) Bp' ds 7 s B+ v

Effecting the same transformation as before. by taking

dfw H 1\ _d( 1
k=t )= (-

dn \

7’7

we find
d /1N 1\ 2 dB _ dJdi | H JB
dn <7’> T dip ) o' p'B ds s + B ds

_ 1 o 2\ 1 (IB . o
T ds <';)/> , o + <H P,> B ds s’

Identification of the remaining Invariants obtained in § 23, with some
Modifications of the System.

41. We proceed now to the identification of the invariants of the next higher order
of derivatives ; these involve derivatives of ¢ of the third order, derivatives ot 1 of
the third order, and the fundamental magnitudes of the fourth order. The method
used is similar to that adopted in the preceding sections; we form derivatives, with
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OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE. 379

regard to s and to n, of the invariants already interpreted, identify the new forms by
means of sume member of the complete aggregate, and thus we obtain the interpreta-
tion of that member. Accordingly, we shall usnally state the results without the
calculations, the laborious character of which is greatly lightened by using the leading
terms of the covariants only.
We have
NETY {Z ('?10’.” ) = 3
Vs \VEL VT 2V,

Sy (w,, W) — ") (w,, wy)}.

Inserting the values of the invariants which occur in this equation, and using the

relation /
o /1 1 /1 2
(VU (p'> = ((ZS< '> + 7/)”7“"

obtained in § 36, we have

5 {Bg_d (1 \) 4 2B

ds ds ' p, p//r/(
o (10 dB d /1 B d /1
=B () Lap b 32 <
dt? <,o’,> 5B ds s <\p’/> )p” dn \p’,)’

and this easily leads to the relation

) = el) = s o) = )

\p”;; - p"?]ﬁ p'/
—o LN B d 1y B ,2)
s (\p"T’) + p" ds (\T’) + p? KH P’

\

¢ C,) obtained in § 40. The fact that the value of

ds
> /1 /10
) = i)

on using the expression for

is different from zero is another illustration of the remark in § 36,
We also have

od [ w, « H (',
Vi, dn (\'V:’;) =J (wy, 1w,) — §- \(fu’))) wyl (w,, w'y)

3 - s Wy w
T ﬁﬁyzvﬁl (w, w”y) — w, I (10, ") J (10, ws) — V? 223 3};

when we substitute for the respective invariants and reduce, we obtain an expression
for J (i, w,) in the form

JQrw) 1N d 1 s K [ 3dB[ d /1 2 dB
BVS T dnds < p'> T2 (”""'"> Trr TR {doi <‘p'> B ds }

din ' p'r

)y

3¢ 2
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380 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARTANTS
and the expression can be turther modified by substituting the value of B s &iven
ds

in § 40.
42. As the quantity H, the measure of the mean curvature of the surface at the
. . . . . . dPH d*H
point, has occurred in the invariants a, and a,, and as the quantities and -
- s dn dinds
are not equal to one another, we construct the quantities

d /a’ (Z'f’al\‘\ djfay d o fay
s (VL’)’ (]’ib(Vg,’)’ (7,@(:\74';)‘ dn <\V"i)'

\ .

It will appear that, by means of the second and the third of these, we can obtain the
value of ¢ rH - @*H .

- dsdn — dnds
We have

. N

! . s |
Vh%:ﬁ<€%>::V%dEy~—2Fﬁ4&Ua%%f~F‘.}

: /

- 11[5;3 2) (1 (g, sy 0y — 2V 20,4
1 ¢ ” /A

+ Vo Syt (w,, ") — agae’”y ).

Let N N 5
B = (By = 2FB + Ga) by* . . 5

then as
(BB — Fa)? = Ba (Iiy — 2FB + Ga) — (ay — ) 2 — (EG — 7)o,
we have
J? (w,, w,) = wyw,fy, — w H (w,) - Vi~
Hence the invariant §, is expressible in terms of the members of the system ; when
the expression is substituted above, the result enables us to obtain the value of
H () V=0 But it is simpler to modify the original system of concomitants in § 21 ;
we can replace H (w,) in the aggregate by B, and the modified aggregate is still
complete. The index of §, is manifestly 4.
When the various values are substituted, we find

m~‘ﬂWHML’TM2\Msﬂw
-VT%L - 1—3 (]SQ QK (\]I [),/) pf/ (]r”) .

43. We have

V/w, (8) = [ (GB — 2y 4 B8) — F (Ga — 288 4 W)l 4]

-+ 2\7}5 [T (g, w”)) — V3 ap —=J (g, w”y) a, |
Vo, T

— H\(;’/)) J (10, 007).
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OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE. 381
Let
h, = {E(GB — 2Fy 4 I8) — I (Ga — 2FB + Ey)t > + . . . ;
then as

1P (a6 — 3aBy 4 28%) — Ea® {1228 — 8EFy 4 (KG 4+ 2F?) 8 — FGu!
= — 3Fa (EB - Fa) (Ga - 2FB 4 Hy) 4 2 (EB — I'a)’ 4 2V (K8 — Fa),
we have

w30 (w,) — wyre 2, + 3wyw, §J (wy, w,) — 2% (wy, w,) — 2V 2 (ww,) = 0.

Consequently §, is expressible in terms of members of the system and of ® (w,) ; and
® (w,) is expressible in terms of w, H (w,), I (w,), J (w,). When the various
expressions are substituted, we can modify the system of concomitants in § 21 ; we
replace any one of them, say 1 (w,), by §,, and the modified aggregate is still

. d . N , . .
complete. The expression for n < > then gives the significance of §,, the index of
’ n

V3
which is 5 ; when the values of the invariants already interpreted are substituted,
we find

h, _ B { FH K | 1dB dH}

Ve dnds 7 Bds dn
Similarly, we have

—d [a,\ B H (a0, 1 ; . :
Vo, ds <VZ4) - \;1 - \(H 2 I (g, 10'y) 4+ OV (g, ") 4y 4+ VA a3

and thus we obtain another expression for ), V= in the form

b, _ pe { 'H K ‘(IH_}
Ve dsdn 7 " p" ds |

Comparing the two values thus obtained for f,, we at once have an expression for
d*H «*H

dsdn ™~ dnds? BV DY

*H FH _ 1 dH | 1 dBdH

dsdn ~ dunds p’ s B ds dn

. ey T
44. We proceed in the same way with / ( \;" ) To simplify the system we
dn LV o

introduce a covariant §); of index 6, defined as
hy=1{ E? (Gy—2F3+ Ee) —2EF (GB—2Fy -+ E8)4-F? (Ga—2FB+Ey) ! ¢ >4 . . . ;

this covariant is expressible in terms of w, H (w,), I (w,), J (1), J (v, w,) and, as
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382 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS

H (w,) and I (w,) have alrcady been replaced by §), and §,, we replace J (w,) by ¥,
leaving the modified aggregate still complete. Then we have

— d [a, By | : @
Vi w, In (V’:‘* = {;’4 + Kuw/, — s HKae, 2V I (we”,)

1

_u I N TR
oV {0 (w0, 0" — w”

which, after substitution of the known invariants and some reduction, leads to an
expression for §; in the form

by {(‘ZZH LR v 2y 1 (JB(Z}{}
ve T U ldw Fe ~<~L[ p’,> Bds ds )’
72
iving also the value of @ H as an invariant.
gIVIng dn?

bR ¥ o o DTY
. LPH AP H P : . .
45. The expressions for = -, , . > 5 o can be obtained 1n another way ;
ds*” dsdn’ dnds dn* .

it will be sufficiently illustrated by constructing the first of them. From the

expressions for V? OaI:I_, V2 %‘g in § 38, we find the following by differentiation :
x dy :
; LN — M?

VH,, — 1 ~2 (R (BN — 2FM + GL) — 2V°1)

v
= Go — 2FB + By + PG + Q (GA — 210) 4 R (Bl — 2F4) + 84,

2
ViH, — L @»i;gﬂ« (F(EN — 2FM -4 GL) — 2V3M)

=GB — 2Fy 4 E5 4 PGIY -} Q (GA” — 2F1) + R (B — 2Fa) 4 ESA

Vel — 1 N =M G (BN - 2FM 4 GL) — 2 VN

= Gy — 2F8 + Be ++ PGI” -1 (GA” — 2100) 4 I (BT — 2FA”) 4 ESA”,

where (§ 6)

2V = GE,, — F (2[‘*10 - i‘m) ] 2V2a =K (QFU’ - EOl) — N‘{
2V = GE, — FGy, ‘F ) 2Vial = BGy, — FE, ’
2V = (3 (ZFUL - G'ux) - FGm J 2VAAN = .EGI)] — I <ZFU} - Gm) J

. . . da! da dy dy
Knowing the values of «” and ¢/, we form 7,

Sl and then we have
de’ dy " de’ dy

Cz_ pd e
ds* T dw iy’
Ay _ ady oy
i e dy
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The actual values are found to be

e

S Q ¢ 2
ds? = w2 (““ o ba + Z(l’m(bm‘ﬁ = ¢y (f’«)z)

-

— L
B bl

W,

o

mg‘ (Elqu’)()12 - Q’Flﬂd)md’]() + quSmQ)
2

+ % ([),»,lq’)m (Eoﬁ"ma — 21 oy pio + G01¢102),

20,7
dﬂ'?/ - T 2 ¢ 2
ds e (= Por’ba + 2h0b1bi — Pro°Poe)
D )

+ 1 P0P0 (b2 9 by Grobyd)

9
w,”

9
1 P (b — 28y uibr + Gobd),

Wy
where 7 and s on the right-hand sides have the values given in § 15. Now

d*H
2t -t
v ds*

= V:H,x"” + 2V H, @y + V2Hy® 4+ VAH, 2" + Vi Hy"

when we substitute the values of the various quantities and reduce, we have

H 1 g ®y g, LAl
ds — B V¢ bz K QM p//) —} P’ dn’

/

the same value as before (§ 42).
Again, we know™* that

dx et (Zy Y,
de =" a =
i% = T 4 20y + 1y?,
Z;;JI — Aw/;l + 2A/x/yl _l__ A//y/;l'
Hence, as
d*H ‘ B 2
e Hyp”® + 2H 2’y + Hyy? + Hyy prel + Hy gl‘t“‘?“z/ ,

we find, after substitution,

Consequently we have
dH _J&H_1dH
dss  dt*  p’dn

* See the paper by the author, quoted in § 4.
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384 PROTFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS
another illustration of the remark in § 36. It may similarly be proved that

PK K _ 1K
ds? di? o p" dn

These are particular cases of the theorem, which can similarly be established : [f
Q denote any quantity, which s connected with any point on the surfuce and the
capression of which vs iidependent of the curve ¢ = 0 through the point, then

*Q P01 dO
ds* der p” dn

16. Proceeding to the identification of the two invariants H (') and & (w';), which

(i - ’ (l
— 1 hw,, ")) and = T (w,, 20”,), and
(,Zh’ ( RS 3) C[?L ( B ,2>>

involve the coefticients of «/;, we construct
we find

\/j[,l}) (,ZA {J_ (/L(/’:Za 1[)//2)} — E/}n . 2}:,1] ..,‘... (}]J) (#Ol + . .}’

1
as 1oV gy

—d [I(w,,n", | R o 1 (AN T i 4 ..V
V\/zf;gc;&{_,ﬁ?b‘:“[ ~)} ZZVGBE(EM"— 2¥mn 4G — F (Em—2Fl4-Gk) o, +.. .J—-ﬁwﬂ.v;.

Let these covariants be denoted by ¢, ¢,, respectively, so that
¢, = (Em — 2F0 + GE) ), + . ..

¢ = {H (En — 2Fm 4 Gl) — ¥ (Em — 280 4 Gk)} oy 4. . .

Then ¢, can be used to replace H (w'y) in the aggregate as a; replaced H (i), and
¢, can be used to replace @ (w'y) in the aggregate as a, replaced ® (w;), in each case
without affecting the completeness of the aggregate. The index of ¢ is 7; that of
¢, is 8. Their significance is given by

¢ _upB _gd/B
A LB ds dn LB ds (‘-\,O") ’
and
& __ o pdB L d B -
AR b odi? B dn (\p” ) +a B

47. We have

NTS d {{_(wg, w’ 2)} _J (wy, wy)
. o \Wy, W)

v Ve

Lo (wy, ') J (105, 107y) — - ! w”y I (w,, w'y) -+

- Viuw, 2V3

w'
and
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OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE, 385
~d [J (g, ) waay — wyV?
vV o . { [ 11
Vi dn V3 AE
= é J (wy, ') I (wy, w",) — J (wy, w",) I (wy, w'y)
1 7 r’
A Wy I (wy, wy) — Wy J (w,, wy)}.

Viw,

‘When substitution is made for the various invariants, and the reduction is effected,

d /1 d /1 1 2 dB1
T ds <T}> dn <p> + <H p ) p” E ds 7
(7<>,____f£< >,._E ’ é)l@ Ql_f;?[,
" dn o ds\p) p p ds
d (1 : 1dB |, dH
=T <;>7> ~(1- >B & T ds

which are relations obtained earlier (§ 40). They show that d ( -1> and % <}7> can be
ds \r dn \r

we find

~

expressed in terms of the other magnitudes.
We also have

i (1)
s dn

1 ,
Vs }“fzvﬂ (100, 105 T (g, 0"3) -+ § 250 — 1

2 V3
All the covariants that occur in this relation are known ; when we substitute their
values and reduce the resulting expression, we find

d*B B __1dBdB 1 dB
dsdn ™ dnds ~ Bdsdn  p'ds
This result, and the corresponding result obtained for H in § 43, are special cases of
the theorem, which can be established by using the invariantive forms: If Q denote
any quantity, which 1s conmected with any point on the surface and the expression of
which is independent™ of the curve ¢ = 0 through the point, then

@0 _ #o _1dBda_1do
dsdn dnds™ Bdsdn p’ds’

48. Similarly

J (wy, w 3)
2vV7 +3V7

Vi, & { (”’gj" 2>} o BT (1 07 = T ()} +

* The value of B is not independent of the curve; but B is one of the fundamental quantities for the
expression of properties of the curve, and its expression is an irresoluble variable.
VOL. CCL—A., 3D
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386 PROFESSOR A. R. FORSYTH ON THE DIFFERENTIAL INVARIANTS

after substitution and reduction, we have

LdB _ o d < AEE Q<1 amy

B ds® T dn\p”) T p T T\ B ds

Also, we have

J (w,, w)) J (w,, w, y Kanyd (iey, 20/,
\/QUE‘ (IZS { (.‘Q :%4,4i,,j R ,,,(,%4,,,,,_1), J— (’3 P (\]d ~)

G’ 3 AT o 10" 410,
— 2w qy A I (wy, ') (o, wy) A VB 2TE L

1

thence a value of J (w,, w,) is obtained in the form

K)o (14 K 3Ly 1 d (1) 31 dBy
BVe T dsdal\p) P pl ds pldt\p’) < \B (,ls>

A\ /

2dBId 1N (g .W.2>,1}
+ Bds {cin<p’> i \h o)’ ]

i

Comparing this value of J (w,, w,) with the value that was obtained in § 41, we find

(=)
ds dn\p'/ dn ds\ p

_2 A1\ 1B\ Ud(1\_ K 4/ dBy
T d?}.&p”) + Bds dn <,o'> + p di <p’> 2 7 7 \\B cE) ’

Lastly, we have

—d [JQw,, w. W, w K .. -
V /w, o {'< " %)} — Vzl Forh B L2, Ve T (wy, wy) wyt)

2 ‘V4 e by
: .
= — ‘?*(@,9%};,’_’_2), a - 2%6J (w,, wy) T (wy, 0",
o v o (0, 07) = 0 (10, )}
2

When we substitute the values of the invariants in this expression and reduce the
result, we find

o? /]f) *H —_ TdE BT
dn? \p’ / ds? / p” ) o dn dt\p!)
2 B IBdH | . dB d /1
41 [,,_ B dBAIL | dBd (1”
B L7 dnds ds s ds di\p,

2 dB [(r _2\dB _ 1 a’,B}_
+ B ds {\H P’> ds  +dn ]’

) )
It is to be noted, from the results obtained in this section, that @*B and © P <1,
ds® dn®\p

are expressed in terms of the other magnitudes retained ; or, if we choose, we can

in terms of the other magnitudes

@B
dn ds

vegard the last relation as determining

retained,
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Invariants inwvolving Derwatives of Two Functions.

49. Among the aggregate of invariants set out in § 28, there still remain nine
as yet uninterpreted; but their expressions involve derivatives of the function .
Five out of these nine involve derivatives of no higher order than those which occur
in the invariants interpreted in §§ 34-38.  In order to obtain their interpretation, it is
convenient to associate with them invariants which depend upon i alone and bear
the same relation to ¢ alone as some of those already interpreted bear to ¢ alone ;
and then the complete aggregate can be simplified by replacing some of the original
forms by some of the associated forms.

For this purpose, let

"\“fl//)

(U, Loy, ~ P10)%
(E, F, G’I‘!’ov - ‘i’m)g:
J (W, W, ) (D" — Fa') ) * — (" — Ga') oy + (B — GU) %,

= oy = U (oo + drodo) + Chio,
= 2 (D" — Fo') oy — (" = Ga') (oo + dron)
+ 2 (F" — GV byl s
then we establish (and it is easy to verify) the equations
J2 (g, wy) — 10, Wy -+ V3 = 0,
woly — w” o (w, w,) -+ w,J (wy, ) = 0,
A2 — "Wy 4w H () = 0,
wydy — 2J (w,, w” )J(wl, w,) + wyw, L (w,, w”y) = 2V ",
A = 4 (wy, ") J (W, W) = w* {1% (w,, 0w'"y) = 4VZH (w,)}.

The first of these equations shows that W, can be regarded as known ; it is not an
independent invariant but, if we wished, we could replace w, by W, in the complete
aggregate without affecting the completeness. This change will not be made; we
shall retain W, as a quantity convenient for other purposes and alternative to w, in
the aggregate.

The second and the third equations, combined so as to eliminate A, show that W, can
be 1*egarded as known ; it is not an independent invariant but, if we wished, we could
replace w”, by W', in the complete aggregate without affecting the completeness.
This change will be made.

The fourth and the fifth equations, combined so as to eliminate A,, show that
J(W,, W7) can be regarded as known; it is not an independent invariant but,
it we wished, we could replace J (w,, w”,) by J(W,, W) in the complete aggregate
without affecting the completeness. This change also will be made.

3 D2
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The five invariants that remained for interpretation were

wy  J(wy, wy) Wy d (wy, w"y) L(wy, w'"y)
) 74

,,,,, s e 3

AV, ’ ’ Vg El ~V4 3 V;, T
after the changes that have been made, the five are

w J(o,w) Wy T(Wa W) Ty, )

LA A Ve v

of which the last may also be written I (W,, W'} V=% The interpretation of the
first two of these is easily obtained ; for the interpretation of the remaining three,
which involve derivatives of s but not of ¢, the results of earlier interpretations
can be used.

50. For the purpose of the interpretation, we need certain geometric properties
of the curve ¢ = 0. Let ds’ denote an elementary arc along the curve, and dn’ an
element along the normal to the curve; and let

s
A = ,,,,B,;D
dn
; i . . .
Further, let -5 denote the circular curvature of the geodesic tangent to i = 0,
Py
1 . . . . 1 ) .
and -~ the curvature of torsion of that tangent; also, let -, denote the geodesic
T - 0
¥ £y

curvature of ¢y = 0. Then Wy, W, T(W,, W), J (W,, W), stand to ¢y == 0 in
precisely the same relation as 1w, w",, 1 (wy, w"y), J (w,, ") to ¢ == 0 ; and therefore

v
W
W7, 2A°
il e
LW, W7 oy (dA A~>
A% B (dn’ [
I (Wo, W) A2 A
Vo T ds”
Moreover, we have
de _ Yo dy _ .

ds W, ds T W,
so that, if X be the angle at which ¢ = 0 and s = 0 intersect, we have
dw de | (4= dy , dy dx\ | G dy dy
ds s ds ds U ds ds') ds de¢
— J(w,, w,)
VW,

cos A = K
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and therefore

:T_A_(’l%g;z@?z) — AB cos \.
Also

. o d; dy dx
sin A=V (& @Y _ Y« >
" v <(ls’ ds  ds’ ds
= Vu,_
Vw, Wy
and therefore
v = ABsin )
We can regard the quotient of the last two invariants as giving the angle X\; and
we can regard the sum of their squares as defining the magnitude A.  Clearly

J? (w,, wy) ++ V2w? = V'A?B?
= w,W,,

a relation already used ; it may be further used to replace J (w,, w,) by W,

51. The general theory shows that all other invariants, which involve derivatives
of ¢ and ¢ up to the second order inclusive, derivatives of E, I, G of the first order,
and the fundamental magnitudes of the first three orders, can be expressed in terms
of the aggregate already retained, composed of the eleven invariants selected in § 39
and the five just identified, viz. :—

el J (wy, ) or W, W7, J(Wea W7y T(W,, W) .

VioooveE T VR oveT s ’ Vi

It is not without interest to illustrate the property by one or two simple examples.
Consider the circular curvature of the geodesic tangent to ¢ = 0; after the result
in § 34, it manifestly will be given by

according to the theory, it ought to be expressible in terms of the invariants retained.
Take
Vy = Lépithoy — M (borhro + brpor) + Nepyro s

then we have the equations
V& = w' Wy — w*H (vy),

weVy == w'yd (w, w,) — wJ (wy, w'y);
and therefore

wt {w, W'y — wH (wy)} = {w'y] (w), w,) — w,d (wy, w'y) }%.
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When the geometric values of all the invariants are substituted, the preceding
relation (after mere simplification and division throughout by A*B°V®) becomes
1 sin® X | feos A | sin A\?
J o= Sy (o8 hy sin A
PPy PiPa \ v
a relation which can be verified independently by means of Hurer’'s theorem on the
curvature of a normal section and of the expression in § 35 for the torsion of the
geodesic tangent.
Similarly for the curvature of torsion of the geodesic tangent to ¢y = 0; after the
result in § 34, it manifestly will be given by

J (W, VV’) o AZ
V3 7y

According to the theory, it also ought to be expressible in terms of the invariants
retained. Take

P =2 (EM - FL) ¢’01‘l’01 - (EN - GL) (4’01‘/’10 -} ‘bm‘/fm) + 2 (FN - GM) ‘?”104’1()2

then we have the equations

/o 9
O = 4 (wy, w'y) T (W, W) 4 w2V (‘ - l> :
Pr P2

wyd = 2J (w, w,) J (wy, w'y) — wywyl (10, w',) + 2V,

<

and therefore

\P 2

= {2J (wy, w,) J (w,y, w'y) = waryl (w,, w'y) + 2V, }?

which gives an expression in terms of the invariants. When we substitute the values
of all the invariants and divide out by A*BSV1Y we find

0' 2
/4/ —_ (1 — _,1A\ sin? A 4 {Z L()*?A vzolk/l}\ + < L + 1v> . )\} .
TTy \P1 PQ/ 7 P L1 P2

That some results of this kind, connecting p’ and p’,, should exist, can easily be
seen. When p, and p, are given, p’ is determined by the inclination of ¢ =0 to a
line of curvature ; X being given, we then know the inclination of ¢ = 0 to that line
of curvature, and so p', is known. Similarly for some vesult connecting 7 and 7/,

As a last illustration of this kind, consider the invariantive expressions for =57 and

ds’
dH

==, . Let b and b, be the invariants corresponding to a, and a,, so that
an : *
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b, = (GP — 2FQ + ER) yi, + (GQ — 2FR + ES) (— ),

b, = (GP — 2FQ + BR) (— Fyy, + Cusyy)

+ (GQ — 2FR + ES) (Evsy; — Fysy)
then
by i by dH
A% A ds VT A dn/

Now we have the equations

w0, = J (wy, 1,) a; — wa,
w,by = Vawa, + J (0, w)a, |’

which are easily established ; substituting in them the values of the invariants that
oceur, we find (on removing a factor AB*V?), the relations

?Z];’E = (CZIISI cos A — (cllf sin A j‘

S
CZH . (,ZfI . (ZF{ |{ 3
= s A cos h |

which are the ordinary differential relations for transference from directions® ds and
dn to ds’ and dn’, when the subject of operation is a function of position only and
involves no properties of tangency and no properties of contact of order higher than
the first. But for a function of position (and, & fortrors, for a function which involves

A and a

properties of contact of the first order or of higher orders), the operators s T
@l 4 FH
" ds dn dn ds
another, except for special curves ; an expression for their difference has already been
obtained. '
52. It still remains to identify the four invariants w”,, H (w"5), ® (w";), J (w,, w’y),
which involve the derivatives of both ¢ and . Instead of proceeding to obtain
their values, we use the method adopted in § 49 ; we replace them by four equivalent
invariants involving derivatives of i only, and the change does not affect the

completeness of the aggregate. These four invariants are
W= (K, I, m/, 2oy, = o)’
H(W7) = (F'm' — I"*) o> + . ...
(W) = (0 — K U'm! + 20%) ¥® + . . .,
J(W,, W)y = (Bl — FF) ,° -+ . ..

are not interchangeable. Thus, in particular are not equal to one

* The value of sin A shows that the direction of dn’ falls within the angle between ds and dn.
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We then modify this set of four, and replace H (W”,) and ®(W”",;) by €, and G,
where

€, = (Em/ — 28V - GI') s, + . .. ,

G, = {E (En/ — 2Fn/ 4 Gy — F (Em — 280 -+ GE)} Py =+ . .. ;

and the set W”,, J (W,, W), G,, G, replace w”y, H (";), ® (w";), J (w,, w”;) in the
aggregate, which remains complete after the change. The set of equations, which
exhibit the equivalence of the four inserted forms to the four ejected forms, is
similar to the corresponding set in § 42 ; it is more complicated because the ground-
forms w,”, W”, are of the third order..

The geometric significance of the four inserted forms can be obtained from the
consideration that they stand related to the curve ¢ = 0 exactly as w's, J (w,, '),
¢, ¢ to the curve ¢ == 0.  Adopting the notation of § 51, we thus have

W d [ A3

7 7 AN
{(W%SW%) = — 4A3 _d‘?i} <;}/¢> 4+ 8A? ( Qflf’ >2 118 A%K,
G _ 4 PA (Z <’Aﬂ>,
A28 A ds’dn’ A ds \p",
&, d?A d [ A
o= = A () + B
: Py

All other properties of the curve ¢ = 0 up to the order retained can be expressed in
terms of the invariants of the aggregate; the examples given in §51 will be a
sufficient illustration of the remark.

The Aggregate for o Smgle Curve ¢ = 0 up to the Order Retained.

53. The 29 invariants in the preceding set have a closer affinity to the curve ¢ =0
than to the curve ¥ = 0, the chief reason being that the first derivatives of ¢ were
made the variables for the binary forms. By taking the first derivatives of i for
these variables an equivalent set of 29 invariants could be obtained, having a closer
aflinity to the curve ¢ = 0 than to the curve ¢ = 0. And it would be possible
to modify each of these two sets, so as to construct a new equivalent set of 29,
symmetrically related to the two curves. All that is necessary in each modification
is to secure that the retained aggregate remains algebraically complete.

Out of the set of 29 invariants retained, there are 20 which are not affected
by the curve =0 in their expression; and therefore we infer that all the
differential invariants of a surface and a curve ¢ = 0 upon the surface, involving
derivatives of ¢ up to the third order inclusive, involving the magnitudes E, F, G
and their derivatives up to the second order inclusive, involving also the fundamental
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OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE. 393

magn.tudes of the second, the third, and the fourth orders, can be expressed
algebraically in terms of an algebraically complete aggregate of' 20 members.

This aggregate is composed of 20 quantities, each divided by an appropriate power
of 'V; the sections quoted give the significance of the respective invariants. These
quantities are as follows : —

[§34] wy = (B, ¥, GYbor. — $10)*,
1$34] wy = (Ly M, NX o, — 1)
|§34] J(wy, w'y) =]

EM EN ¥N B por, — (f’m);‘;
- FL —GL | - GM |

1§35 I(w,, w'y) = EN — 2FM + GL,
[§34] w’y = (a, b, Xy, — bro)’
'§ 367] J (7():3, 20’/2)= Eb E(} \ Fe iid’()]’ - (i"m)gs

— Fa — G ’ — G

[§37] I(wy, ")) = B¢ — 2Fb 4 Ga,
[§34] wy = (P, Q, R, Sy, — $)%
[§ 37] J (103, '7’03)2 EQ ‘ 9FER ES "'Fi(ﬁms - ¢10)39
— FP — FQ + FR FS
—GP | —2GQ | —GR
[§ 38' G = ER ES I¢()1> - 4)1'0)3
— 2FQ | — 2FR
+ GP + GQ
[§38] M= s mw'ﬁfg_m‘"w*}i%p — $u),
— 3EFR — (EG + 2F2) R
+ (EG + 2F)Q + 3FGQ
— FGP — 2P
[§36] w'y = (k 1, m, Y bor, = b10)%

VOL. CCIL-—-A. 3 B
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; P\ _ 3
[§ 37] J (LUQ, w 3) "“l EeL 2Em En %jiqsm) ¢10) p
— Fk — Fi + Fm Fn
-Gk | —2GI | —Gm
[§ 46] 6= Em T I‘TSO}’ - 9510)’
— 2Kl | — 2Fm
+ Gk + Gl
S T ()
— 3EFun — (EG + 2F) m |
-+ (EG + 2F?)1 4+ 3FGI
— FGE — %

wy = (e, B, 7, 8, Yo, — bro)",

A

A
4

/
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[at] TOmwd="pg | 3w, | ams | Re | “"'F%l’ ~u)’
—Fa | — 2FB +2F8 | Fe ‘ '
| — Qo | — 3GB -—-SG'y‘ -G8
=] E) s | pe P — b
— 2FB  —2Fy — 2F$
+Ga | +GB | +Gy
f)2“' F28 E2e EFe K‘isop - 4’10)2,
— 3EFy —9EFS | — (EG + 2F?)§
+ (EG + 2F) 8 | — 2FGB + 3FGy
— FGa — P -G8
[§ 44] f)‘?:‘ E3€ E2F€ EFZE I(i)Ol? __4)10)3.
— 4E°F — 4EF?$ — (2F® 4 2EFG) 8
+ (B2G + 5EF?)y | + (2EFG + 4F%)y | + (572G + EGY)y
— (2EFG + 2F%) 8 — 4FGR — 4FG8
+ FGe + FG2 . + G
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The various indices of these quantities, being the powers of V by which they must
be divided to become absolute invariants, are —

Index 2, w,, w'y, I (wy, w',) ;

Index 3, J (w,, w',), wy, a;;

Index 4, w”,, I (w,, w",), J (10,, w5), ay, wy, B, ;
Index 5, J (w,, w",), J (w,, wy), by;

Index 6, B ;

Index 7, w';, ¢, ;

Index 8, J (w,, w's), ¢,

54. It will be seen from these forms that all the invariants retained are linear in
all the quantities L, M, N, P, Q, R, S, «, B8, v, 8, ¢, @, b, ¢, k, I, m, n which occur in
them. This property facilitates the expression of any other invariant in terms of the
various members ; thus

LN — M2 _ wyw/yl (wy, wy) — J* (wy, w'y)

V? Vau,?
ne — 4838 + 3y _ wyfhy — 4J (w,, w,) by + 3woh,®
Vi ," ’

and so for others. Moreover, in the invariants which contain a, b, ¢ linearly, the effect
is that the derivatives of ¢ of the second order (being the highest that occurs) ave
contained linearly ; and in those invariants which contain £, /, m, # linearly, the
effect is that the derivatives of ¢ of the third order (being the highest order that
occurs) are contained linearly, as well as those of the second order.

Moreover, the forms can be used to obtain the value of any given invariant ;
all that is necessary for this purpose is to obtain the expression of the invariant in
terms of the members of the selected aggregate, and to substitute the values of the
members that occur. Thus, consider the simultaneous invariant

a, b, ¢
L, M, N| ;
E F, G

when expressed in terms of the members of the aggregate, it is equal to
,,Il}; {J (wy, w"y) I(wy, wy) — J (wy, w'y) I (wy, w"y)}

1
,;,;;2 {207y J (wy, wy) — w'y I (wy, w'5)3,

3 E 2
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and the value of the latter expression is

v {(H - Wyl ",‘B}.
plds T 7 dn

In this way the actual values of a large number of the invariants belonging to the
asyzygetic aggregate can be obtained. The asyzygetic aggregate of two cubics is
known. The asyzygetic aggregate, arising when a quadratic is associated with
a system asyzygetically complete in itself, is also known; so that the asyzygetic
aggregate belonging to . w/y, w”y, w,, w/y can be obtained by the application of
known theorems.

Further, the asyzygetic aggregate of a cubic and a quartic is known, so that
the asyzygetic aggregate could be obtained for w,, w'y, w”,, wy, w,, and also for
Wy, Wy, Wy, Wy, w,  But, so far as T am aware, the asyzygetic aggregate of either
two cubics and one quartic, or a cubic and any system asyzygetically complete in
itself, is not known ; as soon as either is known, the results could be applied to
obtain the asyzygetic aggregate for w, w'y, w”,, wy, W'y, w,, that is, the complete
system of concomitants in terms of which any rational integral invariant can be
expressed as a rational integral function.

The Geometrical Magnitudes which are Independent.

55. As regards the quantities, which have served to assign the geometrical
significance of the several invariants, some inferences can be drawn from the results
obtained. Denoting by x the angle between the curve and the line of curvature
connected with p,, we have

1 cos® sin®

P P1 P2

Lt L> cos x sin

7 \ Py ' Pa A

H = 'L« + Nl o K= ! 0
Pi P2 P1Px

so that not more than three of the quantities ;1-);, i}, H, K are independent. For

. . 1 1 .-
purposes of expression, we have retained ~;, -, H. There are also the quantities
P T

1
Band;,;-

To the order of derivatives which occur in the invariants that have been
constructed, the geometric magnitudes, which might be expected to occur in the
values of the invariants, are as follows :—


http://rsta.royalsocietypublishing.org/

A
N
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

3

\

y i
///

A

Py

5

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

OF A SURFACE, AND THEIR GEOMETRIC SIGNIFICANCE. = 397
,1,féél\¢_£),cﬁ(lf,@i(i),,di }>,f@’1),
pods\p ,) dn\p'/ ds*\ p/ ) dsdn \ p’'/  duds\p') dn? < P
g ™ dda - Ho@eH s D dPH

T s dn os? dsdn dnds n®
g 9B dJdB BB @B B
s it ds® dsdn dnds dn®

Loy,
p’ s <p”,. Cdn P

A‘I
T/

N

. . 1 : . . . .
and the derivatives of *,.  But not all of these can be retained as independent magni-
T

tudes. In § 40 it was proved that

bl

d /1 \ _ 2.dB <H _ 2 ) 1 d (1 \

ds\ 7/ ¥Bds o) T dn re;

d /1 2V 1 dB | d /17 2 . dH

dfy g~ =y teb a1y, 2 ald,

n, <T’ ,) ( p’) B ds + s ( p’,) + p' ds’

so that the first derivatives of 1 ,, and consequently also the second (and higher)
T

derivatives, are expressible in terms of the derivatives of the other quantities
retained.*  Again, in §§ 41, 43, 47 it has been shown that the quantities

(1) & 1y,
dsdn\p'/]  dnds ( p'

J*H «*H

- SR — )
s dn dn ds

«*B d*B

. J— s
dsdn  dnds

are expressible in terms of the derivatives of the first order; so that it is sufficient to
rotain d? <’1 N dPH o d*B A /1Y dPH O dPB
dsdn \ p/ ) " dsdn’ dsdn dnds\p'/’ dnds’ dnds’

§ 41, it was proved that

, and reject Further, in

* Tt is proved in DARBoUX’S ¢ Théorie géndrale des Surfaces,” vol. 2, p. 360, that the quantity
, o
AL (-2
ds\7) Ple

which oceurs in the first of the two equations, is the same for two curves that have the same tangent.
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LB _ e A (1) 1 (1 dBy
B ae = F dn(p”) *“,o"2+‘3<13 i)

/1y _d*H < 2> _ldH & <1
dn2< /)= g —KIH - o) p! dn dR )
1 (2 d*B dB dH dB d
+ "E{? dnds Vs ds TOds ar ( | >}
2 dB dB 1 dB
B e (H - >nu )
and the values of - d ( )and d? <13 have been given in §§ 36, 41 ; hence 1t is
de \ p dr?
unnecessary to retain - d*B ii—g— < 1)
Y ds? 7 dn?

We therefore retain the quantities

Lod 1y d /1y & <1> & (1 A
P’ ds <p’)’ cln<p’)’ ds?\ p') > dsdn\ p' )’
“ds T dn’ ds*’ dsdn’ dn®’

dB dB d'B 4B
ds T dn’ dsdn’ dn?’
L ,Ql<_%> a <J j
p// > ds \p// > dn P”, ?

1
R
7',

H

being 20 in all; their association with the 20 algebraically independent differential
invariants set out in § 53 has already been made.
56. These results would seem to have an important bearing when we proceed to

)
the next higher order of derivatives. As B rejected from the aggregate

ds®
B B eiected - s &B _ @B
of quantities, the quantities - d and dn ds® will also be rejected ; also, as dnds ™~ dsdn
is expressible by quantities of lower order, the quantities B ond 2 @'B will be

ds®dn dndsdn
rejected ; thus, in this order, the only derivatives of B to be retained are

d*B d*B B d’B
dsdnds dn*ds dsdn? dn®

four in number. Moreover, these four may reduce to two; for the first may be
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equivalent to the rejected Zl_dglg » While the second and the third may be equivalent

to one another. Similarly, the only derivatives of ‘1, to be retained are

) @Ay (1
i\p) dtan\g) duwdsan\p) dnds

four in number ; and these may reduce to two. There are six derivatives of H, viz. :

dH  &°H #H  dH - dH - d°H
ds* ~ dstdn’ dnds®’ dn?ds’ dsdn® dnd

i

which may reduce to four; and there are four derivatives of —;, viz. :

d2<i> L (J_\ A /1> il <1>
ds* \ p”. " dsdn \p”/’ dnds\p”, ’ dn? .p” ’

which may reduce to three. Hence there are, in all, eighteen new geometrical
quantities arising through the inclusion of derivatives of the next higher order; and
these eighteen quantities may reduce to eleven.

Now the number of differential invariants, which involve derivatives of ¢ up to
order n and the corresponding quantities of proper order, is $n (3n 4+ 5) by § 27;
and this number is certainly subject to diminution by 1 unit, as explained at the
beginning of § 29, so that it is 4n (3n 4+ 5) — 1. When n = 4, this is 33; and we
know that there are 20 invariants for n = 3; so that 13 new invariants are
introduced by the differential equations for the new order. It has been indicated
that there may be only 11 new geometrical quantities available for their expression ;
if so, the inference would be that there are two algebraic relations among these 13.
These relations are outside the differential equations; and the only cause from
which they could arise would be owing to the intrinsic significance of the magnitudes.
As there actually is one* differential invariant of deformation of this order (that is,
a function involving E, F, G and their derivatives up to the third order, and no
other quantities), the obvious suggestion is that it would behave like the invariant
of the lower order, due to GAuss, and would be expressible in terms of invariants in
the binariant system composed of the fundamental magnitudes; but this inference is
only a suggestion, and cannot be regarded as an established result.

[NotE: added, 12 May, 1903.

After the manuscript of this memoir had been sent to the Royal Society but before
the memoir itself had been read, T succeeded in definitely establishing the inference
suggested at the end of §56. The necessary calculations are long and are of the

* ZORAWSKI, Lc., p. 31.
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same general character as those in §§14-22; their aim is to obtain the one solution,
other than V and V? of the twenty-eight partial differential equations satisfied by
differential invariants of deformation, which are of order not higher than three. The
mode of dealing with such a system of equations has been amply illustrated in Part L.
of the memoir ; accordingly, only the results of the analysis will be given.

We denote by T, IV, T, A, A', A”, quantities defined in §6; and we write

0= By — 2Fy 4 Gy + 7By — (217 + A7) By, + TH,,
+ ZA”FQO — (_)IA,GJO + AG'“,

v

Il

-h] — ZJ?] B + (I)l + ]‘”]{ ‘)‘F,_.[Jow + 2]‘1}‘{10“
+ A Giﬂ ( .1 + QA) ]’H + A(]"ﬂw,

0 = B‘J bl 2F11 + (T»‘

these being simultaneous solutions of the eighteen equations, which correspond to the

M

vanishing of the derivatives of ¢ and % of order 4 and of order 3 in the various
arguments (§13). Further, we write

PrP= E? ("' 4B, GGy 4 8F Gy Gy — 4Gy,

+ LR (__ 4}4‘]0(}10(101 + 8]4”11*‘1“(}01 - 1G'Fm}4‘m(}]4-) e 1,6}4‘”)2 }()1 + 1 61“1()(}“)‘3
+ 4EgG* 4 8K, Fi Gy)

+ BG (= 2B EqGoy + 6B, FyGy, + 4]"14)1‘0LGJQ - 4E‘;0G1«)£ — 41, Ky Fy,
— 2B 1, Gy + 8F Fy* — 48 Gy — 280 °Gy)

-+ F? (_ OE]O 01(101 + 4LmeGm + [OEmeGm - “‘410(7 ]2Fmg(}m
-+ 24Fm Fm - GEmFm 0 ™ ]—3E01F10F01 - 2E012Gw)

+ FG( 8L10L01F01 - 4EloﬂG01 + leEme 32E1()F10FOL + 16E10F10Gw + SEULQFN)
+ G (SquFm - 41‘102(}]0 h 4E()1£E,m)s

] = —[‘ (8F]0G01 — 4PJ(H(X()] - ""(l“l(ll()g)

+ EF ("‘ 4LIOGUL - S)F“,I")l(;‘,l + SFM(TH;(WM + ”Jnl(‘mb‘m + IGE()IFU[GM
+ 8F,Gy?)

+ BG (6,1 Gy, — DB GGy + 48, F Gy 8F 1,2 = 48, F, Gy,
— 4E()]7G01 b 21)01P‘U](Ilo — 4E(”F(”0 QEOL(TH) )

+ F (]’OEOIFOIGM - QEJD('}].OGO'L + 4K, Fy, Tm + 2 ’LF()IOFH) — 12F ) F, Gy,
- QPZOL(}I()Q - GEmFmGlO - 4-Emo(""m 12}3011 or )

+ FG (= 4E (B Gy — 16E,Fg® + 8E  Fy Gy — 16K, K0 Fy, + 88, F, Gy
+ 16E,"Fy, + 4E,°Gyo)

G? (SEloEOIFm - 4E10E01G10 - 4E013)'
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Also, we write
A = 4Vi — 4V40 (24" 4 3T) — p,

A, = 4V — 4V40 (21" + 3A") — q.
Then « first expression for the differential invariant of deformation of the third

order is found to be

(EA2 — 2FA, 4 G\ 2) V14
This expression can be modified by means of the relation (§35)
AVE(IN — M) =V
= — 2V +E {(Ey —2F) Go; + G’} + G {Ep® — By, (2F,, — Gy)}
+F {E,,Gy — Eq, (2Fy + Gy) 4 2F,, (2F,, — G)}.
Dividing both sides by V? and taking the derivative with regard to «, we find (on
using the relations in § 6, and after reduction) that we have
A = — 8V+(NP — 2MQ + LR), = — 8V*a,
say. Proceeding similarly from the derivative with regard to y, we have
Ay = — 8V4(NQ — 2MR + L8S), = — 8V,

say. It thus appears that the two combinations of B, F, G and their deriwatives up
to the third order, represented by N, and \,, are expressible in terms of the fundamental
magnitudes of the second and the third order. Moreover, dropping the numerical
factor 64, we have an expression for the differential tnvariant of deformation of the
third order (say I) in the form

IV® = Eb?* — 2Fab + Gal

By the theory in the preceding memoir, this invariant (which now involves only
fundamental magnitudes of the first three orders and none of their derivatives) ought
to be expressible in terms of the members of the system set out in §53. Writing

w'y = (a, BY Py, — o)

u)”l — (Eb — Fa, Fb — GaI‘:bOl’ - ¢10)’
we find

| wy VI = Va2 + w2,
ww'y = wawgl (wy, w'y) + wew'ya; — 2 (wy, w'y) J (wy, ws) — 2V yu,,
wltw”| = wyl (wy, w'y) I (wy, ws) 4+ 2V2wy (wy, w'y) — 2V, J (wy, w;)

/
VOL. CCL—A. 3 F
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When the geometric values of the several invariants are substituted, we find

dK
w’l = BV3 “&; 5
w’, = BV* dK 5
! dn

and therefore

_/dRY | (K
I= <H§> + (}Iﬁ‘) !

which is the geometric signmificance of the differential tnvariant of deformation of the
third order. Tts expression appears to involve association with the curve ¢ = 0; but
the relations in § 51 shew that the association is the same for all curves, so that the
quantity is a function solely of position on the surface, being the sum of the squares
of the first derivatives of K along any two perpendicular directions along the

surface. |
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